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Abstract 

We introduce some new functions spaces to investigate some prob- 
lems at or beyond endpoint. First, we prove that Bochner-Riesz 
means 5^ are bounded from some subspaces of Lj^^^ to L^^^^ for 
^<X<^,0<p<p', = n{f-^-l)<a< n( J - 1), 

and < R < oo, and so are the maximal Bochner-Riesz means 
for < A < oo, < p < 1 and —n < a < n{p— 1). From these we 
obtain the L|'^.|„-norm convergent property of -B^ for these X,p, and 
a. Second, let > 3, we prove that the maximal spherical means 
are bounded from some subspaces of L^^^^ to Lj^^^ for < p < 
and —n{l — |) < a < n{p— l) — n. We also obtain a Lj'^|Q-norm con- 
vergent property of the spherical means for such p and a. Finally, 
we prove that some new types of |x ["-weighted estimates hold at 
or beyond endpoint for many operators, such as Hardy-Littlewood 
maximal operator, some maximal and truncated singular integral 
operators, the maximal Carleson operator, etc. The new estimates 
can be regarded as some substitutes for the {H^, H^) and (-ff^, U') 
estimates for the operators which fail to be of types {H^^ H^) and 
{HP, LP). 
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1. Introduction 



It is well-known that the Lebesgue spaces = L^(R") play an important role 
in harmonic analysis. A lot of problems arc solvable on L^, but usually only for p 
in certain subinterval {A, A') of (0,oo), not outside of (A, A') (i.e. not at or beyond 
endpoint). For example, L*'-inequalities hold for Carleson operator for pin E = {1, oo), 
Bochner-Riesz means in ii^ = ( 2A ' n-^i^2x ) (conjecture, < A < ^^), the maximal 
spherical means in = (;^, oo), Hardy-Littlewood maximal operator in £^ = (1, oo), 
etc, but do not for p in R \ E (see [59]). The boundedness properties of these operators 
are related to the corresponding convergence problems, respectively (see [60, 61]). 

Generally, A and A' are called endpoints. 

When p is at or beyond endpoint, many operators are unbounded on If, so If 
are too large to be the domains of these operators, yet too small to be the range 
since the target spaces of such operators exceed L^. Therefore, one generally looks for 
some larger spaces than as the range spaces of these operators. The weak-L*' are 
suitable substitutes for for some operators, for example, weak-L^ for for Hardy- 
Littlewood maximal function Mf which is of weak-type (L\ L^). On the other hand, 
it is also natural to look for some subspaces of If from which the operator considered 
is bounded. A famous example of such subspaces is the classical Hardy spaces with 
< p < 1 which are some subspaces of If . They are suitable substitutes for If for 
many questions when < p < 1, for example, for the boundedness estimates of certain 
singular integral operators. These operators are of type {H^, If) when < p < 1 (see 
[59]). 

But, H^, < p < 1, arc still not suitable for a lot of problems in harmonic analysis, 
such as the convergent of Fourier series and Bochner-Riesz means at the critical index, 
the boundedness property of Hardy-Littlewood maximal operator, etc. At the same 
time, HP — If when p > 1, naturally, are not suitable for the problems beyond 
endpoint which is larger than 1, such as the convergent of Bochner-Riesz mean when 
the index A is less than the critical index and 1 < p < p';^ = n+i+2X ' spherical 
means when 1 < p < etc. 

^ — n— 1' 

In fact, when p is at or beyond endpoint, both weak-L*' and H^^ arc not suitable for 
a lot of problems such as boundedness properties of the maximal Bochner-Riesz mean, 
the maximal spherical means and the Carleson operators, since the maximal Bochner- 
Riesz mean as < p < p^ (see [62, 66]), the maximal spherical means as < p < 
(see [59]) and Carleson operators as < p < 1 (see [34]) fail to be of both weak-type 
{If, LP) and type {HP,If). 

A natural question is then how to extend the known solutions of these problems to 
the cases of at or beyond endpoints. 

Surprisingly to me, we see here that a lot of problems are solvable at or beyond 
endpoints if we consider the weighted Lebesgue spaces L^^^^, i.e. the problems are 
solvable on some subspaces of L^^^^- L^^^^ may be more suitable functions spaces to 
study certain problems beyond endpoint than the non-weighted ones. 

In this paper we will study some problems at or beyond endpoint such as bounded- 
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ness properties of Bochner-Riesz means, the maximal spherical means and many other 
operators arising in harmonic analysis, and norm convergent. 

To this end, we will introduce some new functions spaces -B^j^ja (in fact, they were 
first introduced by the author himself in [39]). One maybe initially want to use these 
spaces as some subspaces of LP, liking Hardy spaces (which are subspaces of L^, as 
we know) and the block spaces Bg introduced in [69] (which are subspaces of L^), since 
they are analogous to the atom-if^ and Bs- However, we see here that these spaces 
are subspaces of U^^^^ for certain ranges of p, a and s, and are very useful when they 
are used as subspaces of L-^\y.\a- 

The estimates of Carleson operators and a.e. convergent problems will be considered 
in our next paper. 

I am greatly indebted to J.Wang and D.S.Fan for helpful discussions and constant 
support, and to X.C.Li for useful discussions and suggestions when I visited him in 
2006. 

1.1 Bochner-Riesz means 

The Bochner-Riesz means in R" are defined as 

(^fl/KO = (1 - \^/R?)Xf{0, A > 0, < i? < oo, 

where " denotes the Fourier transform. By a simple argument, that B\f converges to 
/ in i/-norm as R tends to oo is equivalent to the boundedness in W of B^ (see [59] ) , 
i.e. 

\\Blf\\L. < CII/IU.. (1.1) 

A great deal has been already known about (1.1). Bochner [3] proved that (1.2) 
holds for A > (n - l)/2 and 1 < p < oo. For < A < (n - l)/2, Herz [28] showed that, 
if (1.1) holds, then 

2?^ , 2n ,^ ^, 

Px<P<Px = - (1.2) 



n+l + 2A ^ n-l-2A 

Since then, a famous conjecture states that 

Bochner-Riesz conjecture For < A < (n — l)/2, (1.1) holds under condition 
(1.2). 

This conjecture was completely proved in R^ by Carleson and Sjolin [10], sec also 
[21], [16] and [31]. In the higher dimensions, it is still open, but there are several 
results. Stein [63] showed that, for < A < (n - l)/2, if <p< |ri3^, then 

(1.1) holds, and this includes that the conjecture is true for A = The argument 
of Fefferman and Stein [22] and the restriction theorem of Tomas and Stein [76] imply 
the case of 2{n+i) ^ [^^1 extended this to the case of 2(ri+2) ^ ^■ 

See also [4], [5], [78], [73], [74] and [75] for some specific progress in R^. 

A natural endpoint version of the Bochner-Riesz conjecture is the statement that 

Endpoint Bochner-Riesz conjecture For < A < (n — l)/2 and p'^ — „^^2\ ' 
B^ is of weak-type {Lp'^,Lp'^). 

The endpoint conjecture was proved in two dimensions by Seeger [51], for 2^r7+i) ^ 
A < by Chist [11, 12] and for A = 2{n+i) ^ao [71] in the higher dimensions. 
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And Tao [72] showed that the weak-type endpoint Bochner-Riesz conjecture is 
equivalent to the standard Bochner-Riesz conjecture. 

But, beyond endpoint, i.e. p < p'^, it seems that fails to be of weak-type {D', 1^) 
for A < (n — l)/2, for example, it is known that fails to be of weak-type (L^, L^) 
for aU A < (n- l)/2. 

Question A natural question is then what happens beyond the endpoint, i.e. for 
0<P<p'a = ;^,0<A<^. 

For the question above, it is natural to consider the Hardy spaces when p < 1. 
Stein, Taibleson and Weiss [67] considered this and obtained some estimates of B^, 
but only for A > Unfortunately, is not suitable for the norm convergence of 
B^, even for A = In fact, by a result of Stein [62] (see also [50] for the weighted 
case) , there exists a function f e such that 

limsupSjj* ^^^^/(x) = oo, a.e.. 

This imphes that the convergene of B^^~^^^'^ f{x) to f{x) in fails as — >■ oo. At the 
same time, — LP when p> 1, so H'^ is not a suitable space for the norm convergence 
of B^ at this time. 

Although we did not find the subspaces of we are looking forward to here, but 
to our surprise, we found that there exist some subspaces of L^\x\" ^^sX B^^ ^^^"^ f{x) 
converges to f{x) in L|'^|a for the functions / in these subspaces for p < p'^, i.e. at or 
beyond endpoint. 

The question above has also been studied for the radial functions and p > 1 in [1], 
and a weighted inequality has been obtained for B^. 

The weighted estimate of B^ for p in the range {p'x,P>) has been investigated by 
several authors. For p = 2, Rubio [49], Hirschman [29] showed that B^ is bounded on 
provided A < ^ and - 1) = -1 - 2A < a < 1 + 2A = - 1). Carbery, 
Rubio, and Vega [9] proved that the maximal Bochner-Riesz mean B^ = sup^^Q \B^\ 
is bounded on L^^|a for A > 0,p = 2 and n{- — 1) < o; < 0. For the critical index 

n-l 

A — and 1 < p < oo Shi and Sun [57] proved that ^ is bounded on L^^^^ 
provided n( — 1) = —n < a < nip — 1) = ni-r^ 1). 

Naturally, it is conjectured that: let < A < <p < px,n{^ — 1) < a < 

n( J - 1), then B^ (even B^) is of type (Lf^,., Lf^.,.). 

Our first aim of this paper is to prove that an extension of this conjecture holds 
also to the case of at of beyond endpoint p'^, i.e. to < p < p'^^. That is 

let < i? < oo, and let <A<^,0<p< - 1) < a < - 1), 

then 

is of type (SLj;p,Lf^|„) 

and (1.5) below holds for all / e SLf^p. 
In fact, we have more: 

let 2^ < A < < s < Pa, < p < s and n(f - 1) < a < n(|- - 1). Then 

B^ is of type (5LJ;J. , ELf^f^ ) , (1.3) 
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and let < i? < oo, and let 2{n+i) < < '-^,p'\ < s < p\,0 < p < s, - 1) < a < 
— 1) and a < 0, then 

B^isof type(BLf4„,Lf,|„) (1.4) 

for all < < oo, and 

II^AZ-ZIUf^i^^O, R^^ (1.5) 

for all / e SLf^J^. 

When A = these results above hold for the maximal Bochner-Riesz operators. 
Noticing that ni — 1) = —n and ni-r^ 1) = nip — 1), we will prove that: 

P(n-l)/2 ?'(n-l)/2 

let A = < p < 1, -n< a < n(p - 1) and s > then 

Bl is of type (5Lf'J., SLf^J.), (1.6) 
B.Msof type(i?Lf^f„,Lf^l„), (1.7) 

and (1.5) holds. 

And when A > these results above, i.e. (1.6), (1.7) and (1.5) hold also. 
1.2 Spherical means 

For a locally integrable function / on R" we define the spherical means 

for t G -E C (0, oo), where da is the normalized Lebesgue measure on the unit sphere 
Stein [64] showed that 

^Jim^^,(/)(x) = /(x) a.e. (1.8) 

when E — (0,oo), provided / e L^^p > n/{n — 1) and n > 3. Bourgain [6] extended 
this result to the case of n = 2. Unfortunately, (1.8) fails for p < n/{n — 1), see [59]. 
This caused a type of problems: what happens at or beyond the endpoint, i.e. 

p < n/{n — 1)? 

It is showed that for certain subset E of (O.oo), (1.8) holds for 1 < p < cxo, 
furthermore, similar results are also proved for the endpoint p = 1. In fact, when 
E = {2'^ : k G Z}, i.e. for the lacunary spherical means, (1.8) was proved by Calderon 
[8] and Coifman and Weiss [15] for / in with 1 < p < oo, by Christ [11] for 
/ in Hardy space H^, and by Seeger, Tao and Wright [52] and [53] for / locally in 
L log log L. When E satisfies some regularity conditions, (1.8) was proved for f m. W 
with 1 < p < n/(n — 1) by Seeger, Tao and Wright in [54], and Seeger, Wainger and 
Wright in [55] and [56], etc. 

According to a theorem by Stein [60], pointwise convergence (1.8) for / G is 
equivalent with a weak type (p, p) boundedness properties of the maximal function 

MEf{x)^suY>\At{f){x)\. 
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At the same time, the boundedness properties of = A^(o,oo) on L^^^^ were ob- 
tained in [18], that is, if n > 2, n/(n — 1) < p, then 

Mis of type(Lf,|„,Lf,|„) (1.9) 

for 1 — n < q; < n{p — 1) — p and (1.9) does not hold for a < 1 — n. While for general 
M.E this was considered in [19]. 

In this paper, the second work is to extend (1.9) to p < n/{n — 1), as follows: let 
n > 3,0 < p < n/{n — 1) and —n{l — p/2) < a < n{p — 1) — n, then 

M is of type (fiLf^f,,, ELfp, (1.10) 

and let n > 3, < p < n/(n — 1) and —n{l — p/2) < a < n{p — 1) — n, then 

M is of type (ELf;^., Lj;,^). (1.11) 

It is worth to point out that at the cndpoint is a bounded operator from L"/^""^^'^ 
to if n > 3, where L^''^ is the usual Lorcntz space, and this was proved by 

Bourgain [7]. For general set E, these types of estimates can be found in [54] and [55]. 
1.3 Some sublinear operators 

For p e (1, oo), it is known that type (L^, L^) holds for many important operators 
arising in harmonic analysis, while for p e (0, 1], there are several cases: the operator 

A. fails (or not know) to be of both weak-type (L^,L^), and types {Hp,Hp) and 
(H'P,LP) for p e (0, 1], such as Carleson operator [34, 79], the maximal Bochner-Riesz 
means at the critical index [60, 28], certain oscillatory singular integral operators [44], 
etc., 

B. is of weak-type (L^, L^) but fails (or not know) to be of type {H^, H^) and type 
{HP, LP) for p G (0, 1], such as Bochner-Riesz means at the critical index, see [11, 28, 79], 
some maximal operators including Hardy-Littlewood maximal operator, the maximal 
Calderon-Zygmund operators, the maximal Hilbert transform and the maximal Riesz 
transform, some truncated operators including the truncated Calderon-Zygmund op- 
erators, the truncated Hilbert transform and the truncated Riesz transform, etc., 

C. is of weak-type (L^, L^), and types {H^, L^) and {H^, H^) for p in part of (0, 1] 
but not (or not know) for p in the remain part of (0, 1]. For example, it is not known 
whether type {H^, L^) and type {H^, H^) hold for p in (0, 1/2] for Hilbert transform and 
the partial summation operators of Fourier scries, for p in (0,n/(n + 6)] for Calderon- 
Zygmund operators. Furthermore, it is known that type {H^, H^) does not hold for p 
in (0, 1) for strongly singular integral operators, see [23, 58], and type {Hp,Lp) does 
not hold for p in (0, 1) for certain oscillatory singular integral operators, see [45, 44], 

D. is of both weak-type {L\ L^), and types {Hp, U) and {Rp, Rp) for full p e (0, 1] 
such as Riesz transform. 

A natural question is then what happens for these operators when p is in the remain 
ranges. 

In this paper, our third aim is to consider the boundedness properties of some 
operators mentioned above when p is in the remain ranges. We will show that some 
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new types of estimates liold wiien p is in the remain ranges of (0, 1] for many of these 
operators, such as Hardy-Littlewood maximal operator, some singular integral opera- 
tors as well as the corresponding maximal operators and truncated operators, Carleson 
operator, the maximal Bochner-Riesz means at the critical index, Calderon-Zygmund 
operator as well as the corresponding maximal operators and truncated operators, the 
strongly singular integral operator, some oscillatory singular integrals operators, etc.. 
That is, we shall prove that they are of 

type(SLf4„,SLf^P (1.12) 

for 1 < s < oo, < p < s and — n(l — p/ s) < a < n{p — 1), and 

type(SLj;[„,Lf,|„) (1.13) 

for 1 < s < oo, < p < s, —n{l—p/s) < a < n{p—l) and a < 0. These can be regarded 
as some substitutes for the type {H^, H'p) and {H^, W) for p in the remain range of 
(0, 1]. These estimates are also new for the operators which are of type (i?^, H'^) and 
type (ifP, L^). And these can also be regarded as an extension of the type {L^^^c,, L^x\'^) 
from l<p<ootoO<p< 1. 

In fact, wc will prove that (1.12) and (1-13) hold for the sublinear operator H which 
satisfies the size condition 

\Hf{x)\<C\\f\\L./\x-Xo\\ (1.14) 

when supp / C B{xq, 2^) and \x — Xq\ > 2^^+^ with A; e Z, and the countable sublinear 
property 

|i//|<^|A,||i/a,.| (1.15) 

for / = £ -^-^fx*"' where each Uj is a (p, s, a)— block. 

(1.14) and (1.15) arc satisfied by a lot of operators mentioned above, see Section 7. 

The paper is organized as follows. In section 2, we introduce the spaces BL^^^^^, 
and list some of their properties, including the relationship BLyf^a C L^^^a- Such re- 
lationship and the boundedness of operators on BLjf^a imply the boundedness from 
BL^^^^a into L^x^c,- In section 3 we establish a molecular theorem for BLj^^^^, which is a 
foundation for the estimates of operators on SL|'^^„. In section 4, we prove the bound- 
edness of Hardy-Littlewood maximal operator on SL|'^^„, and this is also used in the 
estimates of Bochner-Riesz means and the maximal spherical means. In sections 5 and 
6, we establish the estimates of Bochner-Riesz means and the maximal spherical means 
respectively. In section 7 we obtain some estimates of some other sublinear operators, 
including some maximal and truncated singular integral operators, the maximal Car- 
leson operators, etc. In section 8 we prove two sharp results relating to the quasinorm 
of BL^^^^c, and Carleson operator. 

2. BL^^^]^a and their basic properties 

2.1 Definition 
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Throughout this paper, we define B{xo,r) = {x G R" : \x — Xo\ < t}, and de- 
note II^IIl^ = {Jn'^\9{x)\'^■w{x)dxf^W\g\\L1 = IblU?,?' = q/{q- 1) for g > l,p = 
mm{p, 1} for < p < oo, /laix) — and iia{B) — jBiia{x)dx. And xe is the 
characteristic function of set E. 

Definition 2.1 Let — oo < a < oo, < p < oo and < s < oo. 

A. A function a{x) is said to be a {p, s, Q;)-bfock on R" (centered at Xq), if 

(i) supp a C B{xo,r) C R"',r > 0, 

(ii) Mls < |5(a;o,r)|-"/P"-i/P+i/^; 

B. A function a{x) is said to be a {p, s, a)-block of restrict I-type on R" (centered 
at Xq), if (i) is replaced by 

(i)' supp a C B{xq, r) C R", r > 1; 

C. A function a{x) is said to be a {p, s, Q;)-bfock of restrict Il-type on R" (centered 
at xqi), if (i) is replaced by 

(i)" supp a C B{xo, r) C R", < r < 1. 

Definition 2.2 Let — oo < a < oo, < p < oo and < s < oo. The function 
spaces BL^^^^c, (R") are defined as 

oo 

ELj;f„(R") = {/ : /= E >^kak, 

k=—oo 

oo 

where each ak is a (p, s, Q;)-block on R", ^ |Afe|^ < +oo}, 

k=—oo 

here, the "convergence" means a.e. convergence. Moreover, we define a quasinorm on 
i?L5J„(R") by 

(oo 
k=—oo 

where the infimum is taken over all the decompositions of / as above. 

Similarly, we can also define the non-homogeneous function spaces -BLj'^*c(R") with 
{p, s, a)-blocks of restrict 1-type, and the non-homogeneous function spaces i^Lj^^j^a (R") 
with (p, s, Q;)-blocks of restrict 11-type. 

For simplicity, we will omit the notes (R") below. 

The balls in Definition 2.1 and Definition 2.2 can be replaced by cubes, and 

ball - SLf;[„ = cube - SLf;[„. 

We will use these two definitions in this paper simultaneously, even in the proof of 
a theorem. 
Comments 

SLj'^^c. are similar to the classical Hardy spaces H^, the weighted Hardy spaces 
and the block spaces Bs{I), I — (—1/2,1/2), but there are some differences 
between them. 

(1) As we see, BL^^^^a is the space generated by blocks. BtFy^^a is an extension of 
the classical Hardy spaces with < p < 1, since has an atom decomposition ( 
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see [14] for details). We see that BLJ^^^^ is different from if^, since H^- atom has the 
cancelation properties while {p,s,a) - block has not. 

Generally, is regarded as a subspace of L^, but here we use -BLj'^^a as a subspace 
of the weighted Lebesgue space Lj'^ja for < p < 1. 

(2) It is well-known that the weighted Hardy space H^^i" ^ subspace of L^^^^, and 
it plays an analogous role as H^. H^^i" atom decomposition similar to (see 
[24] for details). We see that the size condition and cancelation condition of -f^j^ja atom 
in [24] are different from {p, s, a) - blocks. 

The weighted Hardy space H^x\'^ shares an alternative atomic decomposition (see 
[68] for details). Its atom has the cancellation properties but (p, s, a) - block has not. 

(3) BLj^^^c, is an extension of the block space Bs{I) with 1 < s < oo and / = 
(—1/2, 1/2) introduced by Taibleson and Weiss in the study of the convergence of the 
Fourier series in [69]. The norm of the function / in Bs{I) is defined as 



where the infimum is taken over all the decompositions of / in Bs{I). This is different 
from that of BLj^^^^. Some basic properties of Bs{I) and its applications to harmonic 
analysis have been studied by many authors (see [69], [41], etc), and Bs{I) was used 
as a subspace of there. 

Bf{S'"~^), where 1 < s < oo and is a nonnegative function on R+, is an extension 
of Bs{I) to higher dimensions. Like in Bs{I), The norm of the function / in Bf{S'^~^) 
is different from that of -BLj'^^a (see [69] for details). Bf{S"~^) is useful in the study of 
boundedness of some generalized singular integrals with rough kernels (see, for example. 



(1) The space BLyf^u for < p < s < oo and a = was introduced in [38] and the 
space BL^^^^c, for 1 < s < oo and —n < a in [2]. They are hp^s in [38] and Bs,a+n in [2], 
respectively. 

(2) SLf^|o = L^. See [59]. In fact, Lp = BL^^'^ for < p < 1 and < p < s < oo 
(see Corollary 2.2 below), and because of this we use the notes BLj^^^o,- 

2.2 Properties 

Next, let us give a number of properties of SLj'^^a- Among these properties. The- 
orem 2.1 will be used many times in the estimates of operators, but the others will 
seldom or even never be used in the following sections. However, in order to help us 
better understand the spaces -BLj'^j'a, wc show all these properties and prove them. We 
also proved in [39] that the dual of BL^^''^^ arc the classical Morrey spaces -^ili/p_a/„p 
for 1 < s < oo, < p < s and n{p/s — 1) < a < n(p — 1). 
2.2.1. Some relationships between BL^^^c. and Lj'^i^,!/' and 
A. Between -BL^^^c. and L^^|„ 

Theorem 2.1 Let < p < s < oo and -n(l - p/s) < a < 0. Then 




[41]) . 



Remarks 
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Proof Let 6 be a (p, s, a)-block with supp h d Q. 

When < s < +00, using Holder inequahty for the index p/s, and noticing a < 
and —n{l —p/s) < a, we have 



{s-p)/s 

TP — 



< \\b\\l. 



(s-p)/s 



Q 

where Q denotes the balls obtained by translation of Q and centered at 0. 
When s = +00, we have 

\M% < \Ml^ I \A''dx < \\h\\l^ L \x\"dx < C\Qt^->\Q\^+^ = C. 
Jq Jq 

C are independent of h. 

Let / G BL^^^^a- For any e > 0, there exists a decomposition of / = Z^^i AjOj, such 
that J2j l-^iP ^ II/IIblP'^ + £ < 00. Then, we have 



<T.\>^j\'\Mi^^<cJ2\x,f<oo 



p 

TP 



for < p < 1, and 



for 1 < p < 00. Thus, / G Lj^^a- 

Theorem 2.2 Let < s < 00, < p < 1 and < o; < 00. Then 

Proof We use the definition of cube-i?Lj'^j'c which equals to ball-i?Lj'^j'c . Let 
/ G L^^^c,- We first consider the simple functions / = J^jCjXQ^, where {Qj} is an at 
most countable set of cubes whose interiors are mutually disjoint. Then 

j 3 
where ruj = CjlQ^I and hj = \Qj\~^'^~'''''^XQj- And noticing a > 0, 



.IP 



"J I ' 
(2.1) 

where Qj denotes the cubes obtained by translation of Qj and centered at 0. Thus 

Next, let S be the set of all cube-type simple functions with cube's sides which are 
parallel to the axes. We claim that: S is dense in L^^^a- In fact, let / = J2jLiCjXEj, 
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where Ej arc bounded closed sets which are mutually disjoint and \cj\ < M. It is easy 
to see that the set of all these type functions is dense in L^^^^. And there exist open 
sets Oj D Ej, and Oj are mutually disjoint. At the same time, for any £ > 0, since 
Ej are closed set, there exist open sets Oj D Ej and fia{Oj \ Ej) < ^eM''PN''^. Let 

Oj = Oj n Oj, then the open sets Oj are mutually disjoint, Oj D Ej, and iia{Oj\Ej) < 
hM-PN-^, where 1°. Since each Oj is an open set, then, by Whitney 

decomposition theorem, Oj — [j'^iQ'i \ where Q^p are cubes whose interiors are mu- 
tually disjoint and whose sides are parallel to the axes (see [61]), and Z^^i jJ^aiQ^P) — 
/^a(U~iQF) = IJ^aiOj) = iio.{Ej) + i^^iOj \ Ej) < ii^{Ej) + \eM-PN-^ < oo. Then 
there exists % such that EZk^ l^aiQ?) < \eM-PN-^. Thus HaiifiLi^ \ Ej) < 

li>.{Oj\Ej) < \eM-PN-^ and //.(^.^ \ UJLT' Q?^) < IJ^MT=k,Q?) < \eM-PN-\ 
Therefore, 

N ( kj-1 \ ^ , 



E XE, - E XqU) I \\% = II E (xe, - X, f,- 



N 



< E /^a( U a^'^ \ E,) + pi^iEj \ U Q\^^) I < s. 

j=l \ i=l i=l 

Thus, the cube type simple function J2f=iJ2iLi^ CjXgU) approaches to / in L^^^„- We 
finish the claim. 

Now let / e ^[jjIc, and {/„} C S approaches to / in I'|'^|a- For any £ > 0, choose 
{rij} such that 

ll-^"ollif.|a - ll-^ll^[.|a + 2' ~ •^"^-ll'^f.r - ¥- 

It is easy to see that any cube whose sidelength may not be equal can be expressed as 
a union of at most countable cubes with equal sidelength. Then, a difference of the 
two functions in S is a linear combination of the characteristic functions of at most 
countable cubes, whose interiors are mutually disjoint. So 

oo oo 
/nfc - /nfc_i = E ^XqW = E ^T^T^ ^ = 0, 1, • • • , 



where = 0,mf^ = c(fc)|g(fe)|i/p+a/np ^ |g(fc)|-i/p-a/np^^^^^_ gy ^2.1), we 

have 



oo 



Ei'»fr<ii/..Kr.,.2ii/Kr., + i. 

°° (it) ^ 

E l"^j 1^ - Wfnk ~ fnk.iWiP^^^ < 

Thus, 

oo oo oo 

/ = E(/n. - /n._ J + /no - E E ^^^'f 

fe=l k=Oj=l 
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in L|'^|<:,-norm, and 



ifc=0 j=i ' ' ^ k=i ^ ' ' ^ 



then ll/llsLj'^^^ < follows. 

Remcirk 2.1 For a — Theorem 2.2 is known, the case p—1 can be found in [59], 
and <p < 1 in [38]. 

Theorems 2.1 and 2.2 give 

CoroUeiry 2.1 Let < p < 1 and p < s < oo. We have 

i7 = i?Lf-o. 



B. Between BL^.f^^ and LP 

Theorem 2.3 Let < p < s < oo. We have, 

A) if n{p/s — 1) < a < n{p — 1), or < p < 1, n{p — 1) < a < 0, 

B) if —n < a < n{p/s — 1), 

C) if q; = n{p/s — 1), 



L' = BL 

Proof A). Let / G then, f{x) = J2 )\jCij{x), where each aj is a (p, s, Q;)-block 

with supp aj C Q^- (ball or cube), and J2 l^iP < Let < r < s < oo. 
When l<r<s<cx3, by Minkowski inequality, we have 

< cJ2\^j\\Qj\ I Qj I + v« 

For n(p/s — 1) < o; < n(p — 1), take r = then 1 < r < s. Thus 
When < r < 1, and r < s, by Holder inequality, we have 

11/111^ < Ei^iii«.irL^<EiA,riia,irL^iQ.i^'/'-'/^^^ 

= E I ^ji' I <3i I . 

For n{p — 1) < a < 0, take r = then < p < r < 1, and r < s. We then have 

< ^(E lA.rr/'' < c{j: \x,n^p < oo. 
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B). Assume first that a < n{p/s — 1). Let / e L*, write 



f=j:\Bk\^^'''\\f\\L^h, 

k=l 

where 

\l'> LBi. p 



. . .. .\L' 



here = -6(0, 2*^) and — Bk \ B^^i, k — 1,2, - ■ • . We see that all bk are (p, s, a) — 
blocks, and 



/ oc _ _ \ 1/P / oo _\ 1/P 



since ^ + i - i < 0. 



Now assume that a = n{p/s — 1) (i.e. s = np/{a + n)), and / G L^. 
Let us first consider the case of 1 < s < oo. Since Jxe^ is a Cauchy sequence in 
then there exists {nfcj^i such that 



Let 



where 



\\fXB^,^,-fXBj\L^<2-'\\f\\Ls. (2.2) 

oo oo 



''fc+1 

fc=l fe=0 



Noticing that ^ + ^ — 7 = and (2.2), we see that bk are (p, s, a)— blocks. This shows 



1 _ 1 

that / e i?Lf;f. and < 

For the case of < s < 1, since / G L*, we have |/|'^ G L^, and it follows that 
l/I^XSfc is a Cauchy sequence in L}. Then we can find {nfcj^i, and replace (2.2) with 

- i/rxB„jiLi< 2-iii/nui. 

And the remain statement is the same as the case of 1 < s < 00. 

Then wc can obtain C) from A) and B). Thus, we finish the proof of Theorem 2.3. 

C. Between 5Lf^|„ and Rp 

Theorem 2.4 Let 0<s<oo,0<p<oo and n{p — 1) < a < 00. Then 

Proof This can be seen easily from the atom decomposition theory of Hardy space 

Tip 

(see for example [14]). 

D. Between SLf;J„ and 
It is easy to check that 
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Theorem 2.5 Let 0<]9<cxd,0<si<S2<C)O and —oo < a < oo. Then 



2.2.2 Completeness 

Let < s < oo, < p < oo and — oo < a < oo. It is easy to see that, (i) if 
/ = 0, then = 0, (ii) || • are positive homogeneous, and (iii) || • Wbl^^'^^ 

is subadditive. Now we prove (iii). Let f,g & SL^^^^. For any £ > 0, there exist the 
block -decompositions of / and g: f — Y^i^k^k ^-nd g — J2'>T'jCj such that 

Il^'U ^ E \^kf - e, and \\g\\lL^,s > ^ |n,f" - e. 



Then 



11/ + ^IIL- < E \mkY + E l^.f" < + + 2^- 

la; I 



k j 
Since e is arbitrary, (iii) follows. 

For < s < oo, < p < s, — n(l — p/s) < a < 0, by Theorem 2.1, we see that 
(iv) if ||/||BLf-r„ = 0, then / = ji^-i^.c.. 

So BL^^^^a arc normcd-spaccs for < s < oo, < p < s and —n{l — p/ s) < a < 0, 
and they are also quasi- normed spaces in the sense of (i)~ (iii) forO<s<oo,0<p< 
oo and — oo < a < oo. 

Theorem 2.6 Let < s < oo, < p < s and -n{l - p/s) < a < 0. Then, BU^;/^ 
are complete. 

Proof Let {«„} be a Cauchy sequence in BL^^^c.- For any £ > 0, there exists a 
subsequence {itn^} of {un\ such that 

||Mn,+i - «n, llsLj'^^^ < ^, J = 1, 2, • • • , 

and 

for n > rii. Set = Z^jli('Wnj+i — i^n^)- u can be represented as a linear combination of 
(p, s, a)— blocks since — £ -BL^^^„- And, by Theorem 2.1, we see that 

Ml^^^^ < II^IIbL- < E IIK+i - «n,)||BL- < E ^ = ^' 



for < s < OO, < p < s and — n(l — p/s) < a < 0. Then u = J^JLiiunj+i — Un^) 
converges //a-a.e., and u e SLj^^^^- Let = -|- then u e SLj^^^^, and 



for n > rii- Thus, we finish the proof for the homogeneous case. And the proof for the 
non- homogeneous case is similar. 
2.2.3 Density 
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We denote by C"",0 < m < oo, the set of m-times continuously differentiable 
functions on R", by the set of all functions in C"* having a compact support, and 
by S Schwartz spaces. Let 



ip{x) = 



CeV(I^P-i) if \x\ < 1, 
if \x\ > 1 



such that /j^„ ip(x)dx — 1 and ipt(x) — ^ip . 

Theorem 2.7 Let 0<p<oo,l<s<oo and —n < a < oo. Then C° is dense in 



Proof Let / G BLj^^^^, i-e. f{x) = YlT=i -^k^kix) where each is a (p, s, Q;)-block 
with supp Gk Q Qk and J2kLi \ ^k\^ < oo- Then for any £ > 0, we can find an zq such 
that 

oo 

E \>^kf<sP. (2.3) 

A;=io+l 

Let fi,{x) = EiLiAitaikCx), supp ^ C Q(D UtiQfe) and fi, e U{Q). We can find 
t/io e C°((5) such that 

Who - 9io\W{Q) < 2|2Q|a/np+l/p-l/s- '^^•'^) 



Let 
and 



if x e Q", 



9l = ^io * ft- 



Then, for t small enough, we have 

t ^ 

and supp C supp 2gig C 2(5. Thus, by (2.4) and (2.5), 

Wfio " 9io\\L'> < ll/io - gioWL" + ll^io - ^iolk^ < |2g|a/np+l/p-l/s' 

and supp - C 2g. Let hi^{x) = ^{fio{x) - gl{x)). Then hi^(x) is a (p, s, a)- 
block, and it follows that fi^ix) — gj^ix) — ehif^{x) e SLj^^^^, and 

IIA.-^UIbl- <£■ (2.6) 
By (2.3) and (2.6), and the subadditive of || • WbV'" , we have 

\x\^ 

OC 

1 1 / - 4 1 1 Sif,|a ^ \\fio-9io\\ SLf,^„ + 11 E -^fe^fe (^) 1 1 SLf;|„ 

fe=io+l 

< £ + f E lAfcl^^) <2£^'. 
\fc=io+l / 
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Theorem 2.8 Let < p < oo,l < s < oo and —n < a < oo. If u{x) is a 
continuous function on R" with compact support, then Ut{x) = u * ipt{x) — )■ u{x) in 

Proof Let supp u C K which is a compact set in R". Then supp {ut — u) C. Ki C 
B{xo, r) — B,r > 1. And for any £ > and t small enough, max^gRn \ut{x)—u{x)\ < e, 
we have 



\Ut - U\\l^ 



So, a(,x) = g|g|a/np+i/p {ut{x) —u{t)) is a (p, s, Q;)-block, and it follows that Ut{x)—u{t) — 
£\B\"/np+i/Pa[x) e 5L[;[„ and 



- u\\bl^'^ < ^0, as t ^ 0. 



Theorem 2.9 Let 0<p<l,l<s<oo and — n(l — p/s) < a < n{p — 1), or let 

1 < p < s < cxo and — n(l — p/s) < a < 0. If u{x) e BLj^^^^, then Ut{x) — u* (fit{x) — >■ 
u{x) in BLy^^^a as t -> 0. 

Proof Let u G BLj'^l'a. Since \^p{x)\ < C, we have Ut{x) < CMu{x). For any £ > 0, 
by Theorem 2.10 above, we can find SkV^x) e C° such that 

Ik-^llBLf- <£■ (2.7) 



si" 



For t small enough, using Theorem 2.8 and (2.7), and the boundedness of M on BL^^^ 
(Theorem 4.4 below), we have 

Ikt-^^IISL- < Ikt-^tllsL- +|kt-^||BL- ■ 

< ll^(«-^^)llsL- +2£ 

< C\\u-v\\b^,s +2s<Ce, 

where M is Hardy-Littlewood maximal operator. 
Theorem 2.9 implies that 

Theorem 2.10 Let 0<p<l,l<s<oo and —n{l — p/s) < a < n{p — 1), or let 
1 < p < s < oo and — n(l — p/s) < a < 0. Then is dense in i?L|^^j*„. 
In fact, we have 

Theorem 2.11 Let 0<p<oo,l<s<oo and —n < a < oo. 

1) C~ is dense in SLJ;[„, 

2) <S is dense in BLF^^^„ . 

Proof Since C S, 1) implies 2). We just need to prove 1). For / e -BLj'^^a and 
any £ > 0, by Theorem 2.7 above, we can find a e C° such that 

As t is small enough, by Theorem 2.8, we have 

\\9t - 5'||iJLf'r„ < £■ 
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So, 



Theorem 2.12 Let < p < +oo, 1 < s < oo and —n < a < oo. Then S C -BLj'^^a. 



Proof Let f e S, we have |/(a;)| < 



for aU iV e N and x G R". Write 



oo oo 

f{x) =XBi{x)f{x) + J2xc^{x)f{x) = Xi—XBi{x)f{x) + J2 hT-Xc^{x)f{x), 

k=2 



here Bk = S(0, 2^), and Ck = Bk\ B^-i, /c = 1, 2, • • • . We have 



1 



1 



< 



(1 + 22(^^-1))^ 



a 1,1 



if 



Let = 



+ 2 and A^ = 



< 1 i.e. Afc > 



Z ^pn ' p' 



+ i ) 



Afc < 



(l+22('=-l)) 

r,fc(-!^ + i) 

Z ^pn • p' 



l + 22('=-i))^' 
|— T7— -, then (2.8) holds, and 



< 



C 



^1 + |2|2(fc-i))?;r+p 2^^F^^+F^ 



(2.8) 



noticing —n < a. Thus, ■^XCk{x)f{x) are (p, s, Q;)-blocks for A; = 2, 3, ■ ■ ■ , and Yj'^=2 l^fcl^ ^ 
X]^2 fc(£+i) < OO- The discuss above also applies to XBi{x)f{x). Therefore, We obtain 
that feBL^^'^^. 



3. A molecular theorem 

The molecular theory for Hardy spaces was established by Coifman [13], Coifman 
and Weiss [14], and Taibleson and Weiss [70]. The weighted case can be found in [36]. 
In this section, we will prove a molecular theorem for BL^^^^„. Next, from Section 4 to 
Section 7 we will make use of this theorem to obtain some estimates beyond endpoint 
for some operators. 

First, let us introduce a definition. 

Definition 3.1 Let < s < +oo, < p < +oo, — oo < a < +oo, — oo < Aq, Bq < 
oo, Aq — Bq = ^ — I ~ and — oo < e < Aq. Set a = Aq — e, and h = Bq — e. A 
function M(x) G is said to be a (p, s, a, £)-molecular (centerred at Xq), if 

(i) M{x)\x-XqY'^ e L\ 

ill) ||M||2('||M(a;)|a; - a;o|"''||i7"/' = 3ft(M) < oo. 
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Theorem 3.1 Let p,s,a,6,a,b as in Definition 3.1. Every (p, s, a, £)-molecular 
M{x) centered at any point is in BLf^L and ||M||^^p,s < C9?(M). Here the constant 
C is independent of M. 

Proof Without loss of generahty, we can assume 3?(M) — 1. In fact, assume 
< C holds whenever 3?(M) = 1. Then, for general M, let M' = M/^{M). 

We have 3?(M') = 1 and hence ||3f?(M)M'||g^p,. < 3?(M)||M'||g^p,. < C3?(M). And 
we can also assume M{x) has the center at = by a translation transformation. 
Let M be a (p, s, a, £)-molecular centered at satisfying 3?(M) = 1. Define B{0, r) 

by setting ||Af||^. = |S(0, r)|i/^-i/P-"/"P. Let 2^°'^ < r < 2''°, and consider the set 
Eo = BkM^Ek = Cfc„+fc(0), for k = 1,2,..., here ^^^(O) = S(0, 2^°), Cfc„+fe(0) = 
Efc„+fc(0) \ fifc„+fe_i(0). Set Mk = MxEu- 
By 3ft(M) = 1, we have 

llM(x)|xrlli7«/^ = llM||zf/^ 

Then, 

ii^(^)kr'iL^ = wh)^^ = |i?(o,r)|-(^^^)^ = ii?(o,r)r < a,,|i?fco(o)r. 

(3.1) 

Thus, using (3.1), for k — 1,2, we have 



/ Ml{x)dx = / Ml{x)\x\''^'\x\-''^'dx 

< a,5,.,n2-*^-«|S,„+,(0)|(V-Vf-a/np).^ 

when b > 0; and 

/ M^{x)dx = / M^{x)\x\''^'\x\-''^'dx 



< Ca,n[2'^'^'^'f^'" -'2- 

< ^?a,M,n2-'="^1i?fco+fc(0)|^'/^-'/^-"/"^^^ 

when 6 < 0. And 

\\Mo\\l^ < \\M\\^. = |S(0,r)|^/^-^/^-"/"^ < C«,p,.,„|i?fco(0)|V-Vp-a/np. 
Hence, for A; = 0, 1, 2, ... , we have 

llMfell^. < C2-*^-"|S,„+fc(0)|V-VP-a/nf, 
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where C is an absolute constant. Let 

afe(x) = 2'="«Mfe(x), A; = 0,1, 2,..., 

then 

oo oo oo 

M{x) = ^Mfe(x) = ^2"'^""2'^""Mfc(a;) = ^ 2-'^"X(a;), 

k=0 k=0 k=0 



oo 



and each is a {a,p, s)-block centered at with suppa^ C -Bfeo+fc(0), and 2 '^""^ 



fc=0 



C < oo since a > 0. That is ||M||^^p,s < C. Thus, we finish the proof of Theorem 3.1. 



4. Hardy-Littlewood maximal operator 

In this section, we hope to get some estimates of Hardy-Littlewood maximal operator 
M on BLj^^^a- In fact, we prove that some sublinear operators satisfying (1.14) and 
(1.15) are bounded on BLj^^^^,- 

Theorem 4.1 Let l<s<oo,0<p<s and —n{l —p/s) < a < n{p—l). Suppose 
that a subhnear operator H satisfies (1.14) and is bounded on U. Then 

II^^IIbl- < c 

for every (p, s, a)— block where constant C is independent of h. 

Proof It suffices to check that Hh is a (p, s, a, £)-molecular for every (p, s, a)— block 
h centered at any point and ^{Hh) < C, where C is independent of h. 

Since 1 — 1/p — a/np > and 1 — 1/s > 0, we can choose e such that 

< £ < min{l — 1/p — a/np, 1 — l/s}. 

Set a — 1 — 1/p — a/np — e and b — 1 — l/s — e. We see that a > 0, fo > and 
b — a = —{l/s — 1/p — a/np) > by —n{l — p/s) < a. Given a (p, s, a)— block h with 
supp/i C B{xo,r) C Bko{xo) and 2'^°~^ < r < 2^°, we have 

\\Hh{x)\x - XQ\''^\\is = [ \Hh{x)\'\x-xor^dx 

< (f +1 \\Hh{x)\'\x-XQY''^dx 

\J|a;-xo|<2*'0+i J\x-xo\>2'^0+^ J 
= J1 + J2. 

For Jl, noticing that 6 > 0, and by U boundedness ol H, we have 

Jl = [ \Hh{x)\'\x-Xo\'''^dx 

>/b-xnl<2'=0+l 



< C2'''°''''\\Hh\\ 

<^ C2**''''*^ " ^ " * 



s 
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For J2, by (1.14) and Holder inequality, and noticing that b + 1/ s — 1 = —e < 0, 
we have 



J2 ^ C I \Hh(x)\'\x-xor''dx 

J|x-xo|>2'=0+l 

< / \\h\\li\x - xo\'''''-'''dx 

J|2:-xo|>2*0 + l 



iLi 



Thus, 

\\Hh{x)\x - Xo\''''\\ls < C2*^o"^||/l||i, < C2'"'nb2kon{l/s-l/p-a/np)_ 

And by the boundedness of H on 

WHhW^s < CWhW^s < C2^^r.{Xls-Xlp-alnp)_ 

Then, noticing ajh > and 1 — a/b < 0, we have 

^[Hh) < (J2^on('^/s-l/p-a/np)a/b2konib+l/s-l/p-a/np){l-a/b) 
^^^oiT-ib—a+l/s—l/p—a/np) (J2P C 

Thus, we finish the proof of Theorem 4.1. 

Prom Theorem 4.1 and the subadditivity of norm, it is easy to get the following 
theorem. 

Theorem 4.2 Let l<s<oo,0<p<s and — n(l — p/s) < a < n{p— 1). Suppose 
that a sublinear operator H is bounded on L*, and satisfies (1.14) and (1.15). Then, 

H is of type (BL^^'o., 5^f^[c<). 

From Theorems 2.1 and 4.2, we have 

Theorem 4.3 Let 1 < s < oo,0 < p < s, — n(l — p/s) < a < n{p — 1) and a < 0. 
Suppose that a subhnear operator H is bounded on L*, and satisfies (1.14) and (1.15). 
Then 

H is of type (SLf^J,,, Lj^,.). 

Hardy-Littlewood maximal function satisfies the conditions in Theorem 4.1 ~ The- 
orem 4.3. Define Hardy-Littlewood maximal function as 



M/(x)=sup^ / \f{y)\dy 



for / G Ljg^. Then M satisfies the size conditions (1.14). In fact, let supp/ C Bk{xQ) 
and X G {Bk+i{xQ)Y. For any y G Bk^Xo) = B{xq,2^) and x G (i?fc+i(a;o))'^ for k & Z, 
we have \x — y\ > \x — Xo\/2. Then, the diameter of the ball B, which includes x and 
intersects with Bk{xo), is not less than \x — Xo\/2, and it follows that \B\ > C\x — Xo\". 
So 

cWfh^ 



Mf{x) = sup ^ / \f{y)\dy = sup ^ / \f{y)\dy < ^ 

xeB \B\ Jb xeB \B\ JBnB^ixo) \x - 
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for X e {Bk+i{xo)y. 

By Minkowski inequality, it is easy to see that M satisfies (1.15). It is known tfiat 
M is a bounded operator on witfi 1 < s < oo, so we fiave 

Theorem 4.4 Let l<s<oo,0<p<s and —n{l — p/s) <a< n{p — 1), tfien 

M is of type (5Lj;J., ELf^J^). 

And let 1 < s < oo, < p < s, —n{l — p/s) < a < n{p — 1) and a < 0, then 

Misof type (5LJ;J„,L|;|„). (4.1) 

(4.1) is sharp in the sense that M fails to be of type (SLj'^^a, L|'^|„) for s = 1 or 
n{p — 1) < a < oo. In fact, we have 

Theorem 4.5 A) Let s = l,0<p<l and — oo < a < n{p — 1). Then there exists 

/ G BL^^^^a such that Mf fails to be of type {B L^^^^^ , L^^^^) ■ 

B) Let < p < s < oo. If a = n{p - 1), or < p < 1, n{p - 1) < a < 0, then Mf 
fails to be of type {BL^^^'^c,, Lj^^c) for all / e -B-^^p,[<.. 

C) If < s < oo and < p < oo, n(p — 1) < a < oo, then there exists / e -Sl/j'^^a 
such that Mf fails to be of type {BL^^^^a, 

Proof When s = l,0<p<l and — oo < a < n{p — 1), by Theorem 2.4 B), we 
have C BL^^'^. 

When < p < s < oo,a — n{p — 1), or < p < 1, n{p — 1) < a < 0, by Theorem 
2.4 A), we see that -BLg|„ c L^, and ^ < 1- 

When < s < oo, < p < oo and n(p — 1) < a < oo, by Theorem 2.5, we have 

C BLP;', and ^ < 1. 
The remain of the proof follows from the following 

Claim: Let < p < oo, n{p - 1) < a < oo,0 < q < 1 and / G L''. Then Mf is 
never in if / 7^ 0. 

See [40] for a proof of Claim. Thus, we finish the proof of Theorem 4.5. 

The conditions in Theorem 4.1 ~ Theorem 4.3 are also satisfied by Littlewood-Paley 
functions. Suppose that ■0 is integrable on and 

(i) J^n il){x)dx = 0, 

(ii) \iIj{x)\ < c(l + |a;|)-("+^), for some /3 > 0, 

(iii) /j^n \i/j{x + y) — ip{x)\dx < c\y\'^, all y G R", for some 7 > 0. 

Let ipt{^) = t~""ip{x/t) with t > 0. The Littlewood-Paley gi- function of / is defined 

by 

The Lusin area function of / is defined by 
where Bq is the unit ball of R" and Ta{x) = {{y, t) G R"+^ : \x — y\ < at}. 
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The Littlcwood-Paley ^f^-function of / is defined by 

1/2 

„ , ^ I f \.t * ' , dt \ 



As in [37] wc can check that gipif), S^_a{.f) and g^\{f ) satisfy the size conditions 

(1.14) . By Minkowski inequahty, it is easy to sec that g-,p{f), >S'^,a(/) and g^^x{f) satisfy 

(1.15) . By the boundedness of these operators on with 1 < s < oo, we have 
Theorem 4.6 Let i/j satisfies (i),(ii) and (iii) above. For g-,j}{f), 5'^,o(/) and g^^xif)^ 

the same conclusions hold as those stated in Theorem 4.4. 

The conditions in Theorem 4.1 ~ Theorem 4.3 are also satisfied by many other 
operators arising in harmonic analysis, and we will discuss this in section 7. 



5. Bochner-Riesz means 

can be written as a convolution operator 

for f E S, where K^{x) — [(1 — |^/i?P)+] " {x), and g denotes the inverse Fourier 
transform of g. 

We will prove that 

Theorem 5.1 Let 2{n+i) < ^ ^ ^:P'x < s < Px,0 < p < s and n(f - 1) < a < 

- 1). Then (1.3) holds. 
Theorem 5.2 Let < < oo, and let < A < ^,p'x < s < px,0 < p < 

s,n(f - 1) < a < n(J - 1) and a < 0. Then (1.4) holds. 
Since Theorem 2.5, we can extend this to px < s < 00. 

Corollary 5.1 Let < < 00, and let < A < = pa, < p < 

s, -l)<a< n( J - 1) and a<0. Then (1.4) holds. 

When A = these results can extend to the maximal Bochner-Riesz operators. 

Noticing that p'n-i = l,Pn-i = 00, we have 
T~ 2 

Theorem 5.3 Let A = l<s<oo,0<p<s and - 1) < a < n{p - 1). 
Then (1.6) holds. 

Theorem 5.4 Let A = 1 < s < 00, < p < s, n(f - 1) < a < n{p - 1) and 
a < 0. Then (1.7) holds. 

When A > we have also 

Theorem 5.5 Let A > l<s<oo,0<p<s and - 1) < a < n{p - 1). 
Then (1.6) holds. 

Theorem 5.6 Let A > 1 < s < 00, < p < s, n(2 - 1) < a < n{p - 1) and 
a < 0. Then (1.7) holds. 

Wc have the following convergence results. 

Theorem 5.7 (i) Let A, s, p and a under the conditions of Theorem 5.2, or Theorem 
5.4, or Theorem 5.6. Then (1.5) holds. 
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It is known that the boundedness of on and the maximal principle (see 
Stein [64]) imply that B^f converges to / almost everywhere as R tends to oo, for 
/ e L^. Similarly, we can also get a //Q-a.e. convergence result for B^f by Theorem 
5.3 (or Theorem 5.5) and a similar maximal principle, for / e BLj^^^c, with X,s,p and 
a under the conditions of Theorem 5.3 (or Theorem 5.5). But this does not imply new 
information since BL^'^^^a C L"H^ and > 1 (see Theorem 2.4). 

Next, We prove the Theorems above. First, let us give an outline of the proof of 
Theorem 5.1. In order to prove that B^ is of type {BL^^^^^, BU^^^^), by the equality 
Bif = Hf + Tf (i.e. (5.6) below, where Hf is controlled by Hardy-Littlewood maximal 
function M/), we need only to prove that this holds for T since Theorem 4.4. This 
can be divided into three steps. Step 1, we prove that 

\\B^h\Uj.^ < C (5.1) 

for all (p, s, Q;)-blocks h of restrict Il-type, where C is independent of h, and it follows 
that 

llr/illsL- < C (5.2) 

for all (p, s, Q;)-blocks h of restrict Il-type, since Theorem 4.4. Step 2, we prove that 
(5.2) holds for all (p, s, Q;)-blocks h of restrict I-type. Thus, (5.2) holds for all (p, s, a)- 
blocks h. Step 3, we prove that 

Tf^^l^jTaj (5.3) 
j 

for / = J2j l^jO'j £ BL^^]^a with s,p and a under the conditions of Theorem 5.1. From 
these, it is easy to get that T is of type {BLF^^^a,,BL^^^^„), then B^ follows since (5.6) 
below and Theorem 4.4. 

Proof of Theorem 5.1 

Step 1. 

we consider the case of (p, s, Q;)-block of restrict Il-type. 

Proposition 5.1 Let A < ^,Pa <s<oo,0<p<s and n{^-l) <a< n(4-l). 
If B^ is bounded on then (5.1) holds for all (p, s, Q;)-blocks h of restrict Il-type. 
In fact, we can prove the following 

Proposition 5.2 Let l<s<oo,0<p< s,n(f — 1) < a < n{p — 1) and 
< 5 < n. Suppose that a subhnear operator K satisfies the size condition as 
following 

\Kf{x)\<C\\fhr/\x-xo\' (5.4) 
when supp / C B{xo, 2^) and |x — Xq] > 2^^+^ with /c e Z. If X is bounded on U, then 

for all (p, s, Q;)-blocks h of restrict Il-type, where C is independent of h. 

We can check that the following size condition implies the condition (5.4): 

\Kf(x)\<c[ T^^^dy, x^supp/, (5.5) 
Jr" \x — v 
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for any integral function with compact support. In fact, assume that K satisfies (5.5). 
Let y e Bk{xo) = B{xo,2^) and x e {Bk+i{xo)y (i.e. \x - xo\ > 2^+^). For A; e Z, we 
have — y| > 2^^ > \y — xq], and it follows that |x — Xo| < \x — y \ + \y — Xo\ <2\x — y\. 
Then K satisfies (5.4). 
It is known that 

\B^f{x)\<c[ ^^%^, dy 

JR" \x — y\— — ^-^ 

for f E with 1 < s < oo. 

Let S = + A, it is easy to check that X,s,p and a satisfy the conditions of 
Proposition 5.1 if they satisfy Proposition 5.2. So, Proposition 5.1 is a special case of 
Proposition 5.2 when S — + A. 

Proof of Proposition 5.2 By Theorem 3.1, it suffices to check that Kh is a 
(p, s, a, £:)-molecular for every {p, s, a)— block h of restrict II- type centered at any point 
xq and ^{Kh) < C with C independent of h. 

Since n(2 _ 1) < « and ^ < (5, we have 0<^-i-^<^-i. Then, we can 

^ s ' — p ' n p np — n s ' 

choose Aq and s such that 

S 1 a S 1 

<e < Aq^ < . 

n p np n s 

Set a = ^0 -£ and 6 = ^ - i We see that a > 0,b > andb-a ^ -- + - + —> 

" n s ' s p np — 

since — 1) < a. Given a (p, s, a)— block h of restrict Il-type with supp a C 
B{xo,r) C Bk^{xo), 2^=°-^ < r < 2*^°, and ko < 0, we see that 

\\Khix)\x - xonih = ([ ^ ^+[ ^ ] \Kh{x)\^\x - xor'dx 

= Jl + J2- 

For Ji, by the L*-boundedness of K, we have 

^ C'2^'^"*^||/l||* ^ ^2^konsb2^kons{l/s—l/p—a/np) 

For J2, by (5.4), noticing that {nb — 5)s + n — —ne < 0, 5 < n and /cq < 0, and using 
Holder inequality, we have 



J2 = / \Khix)\'\x-xoV'^'dx 

■/|a;-a;o|>2'=o+i 

< C I \\h\\l,\x-xo\''^'-^'dx 



Thus, 



< C2^^'''^^-^+^''^\\h\\ls\BkX''' 

^ (J2,^onsb2^kons(l/s—l/p—a/np) 

\\Kh{x)\x - XoT^IL. < C'2'=°"^2*^°'*(i/"-Vf-'*/"f). 
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And by the L'^-boundedness of K, we have 



\\Kh\\Ls < C\\h\\Ls < C2'=°"(V^-Vf-"/"f). 
Then, noticing a/b > and 1 — a/b >0, 6 — a+^ — ^ — ^ = 0, we have 

^2^kon{b—a+l/s—l/p—a/np) ^ 

since ko < 0. Thus, we finish the proof of Proposition 5.2. 
Step 2. 

We consider the case of (p, s, Q;)-block of restrict I-type. 

Because — f* K^, we can decompose into two parts as B^ — f * {xsin^i) + 
/ * (Xb^^K^), where B2n = {x : |a;| < 2n}. It is easy to see that the first part can be 
controlled by Hardy-Littlewood maximal function Mf since is bounded. For the 
second part, we can use the asymptotic expansion of 



K^{x) - \x\ 



-(n+l)/2-A 



oo oo 
j=0 j=Q 



X\ 



as I a; I — > oo, for suitable constants aj and 13 j, and express it as a finite sum as follows, as 
Stein did in [59]. First there are finitely many terms, given by some constant multiples 
of 

J\y\>2iT 

with j > 0. Next, there is an error term, corresponding to convolution with a kernel 
belonging to L^. In fact, the error term can be controlled by Mf, and this can be seen 
more clearly in the following Lemma 5.1 (see [42]), and in [17] for A > 

Lemma 5.1 ([42]) For every /c > — |, there are real constants {ckjj^o and Ck such 
that, for every e Z+, the following holds: 



where Rk,N is controlled by 



R 



■k,N 



1 



^ Ck,N 



J.2N+5/2 



for every x >27r and some constants C^^jv- 

Thus, we need only to take Nq in Lemma 5.1 such that (n+l)/2+A+2Ao+5/2 > n. 
Then we can write 

B^f^Hf + Tf (5.6) 
where Hf is controlled by Hardy-Littlewood maximal function Mf, and 

No 

Tf - U(4jHT^''^'^+f + c-,^.r(^^-+^)-/) + (sVi^^^^'+^^V + c-.^3r^^^+^^-/)] 

j=0 2 2 2 2 
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for some constants cf, where 

J\y\>2-n: 

j = 0, 1, 2, • • • , NQ.T^'^^+l^^f are similar. 

Proposition 5.3 Let ^{n^i) < < ^>Pa < s < < p < s and n(2 - 1) < a < 
— 1). Then, (5.2) holds for all (p, s, Q;)-blocks /i of restrict I-type. 
Proof We prove (5.2) by Theorem 3.1. 

It is easy to see that T(2i+2)±/(a;) is controlled pointwise by Hardy-Littlewood 
maximal function Mf when + A + 2 j + | > n, and T'''^^^i'>^f{x) is controlled by 
Mf when + A + 2_7 ' + | > n. It is clear that we need only to consider 

T'^f{x) = / e^-l^l/(x - y)|y|-("+^)/^-Vy. 

7ly|>27r 

In fact, once we have proved that 

< C (5.7) 

for all (p, s, Q;)-blocks h of restrict I-type, under conditions of Proposition 5.3, then, from 
this and Theorem 4.4, it is easy to see that r(2i+2)± and tW)±^ j = 0, 1, 2, • • • , iVo, 
also satisfy (5.7). Then, T follows. 

Let us prove (5.7). By Theorem 3.1, it suffices to check that T^^h is a (p, s,a,e)- 
molecular for every (p, s, a)— block h of restrict I-typc centered at origin = and 
3f?(r"+/i) < C with C independent of h. 

Since — 1) < a < n(^ — 1), we have 

n+1 A 1 n+1 A 1 a 

+ >^^ + >o. 

In n s 2n n p np 
Then, we can choose Aq and e such that 

n + 1 A 1 q; n + 1 A 1 

0<£< ^— + ^ + ■ 

in n p np In n s 

Set a = ^ + ^ - i - ^ - £ and 6 = ^ + ^ - i - £. We see that a > 0, 6 > and 

2n n p np 2n n s ' 

6-a = -i + i + ^>0. 
As in [59] , we write 



|^|-(n+l)/2-A _ ^ 2-[("+^)/2+A]fc^^^/2'=), |y| > 1 

A;=0 

where -0 is a smooth function, supported inl/2<||/|<2. Then 

oo 

= (5-8) 

fc=0 

with Tkf{x) = 2-[('^+i)/2+A]fc Je2'^^l2'l/(a; - y)i){y /2'')dy. 
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Given a (p, s, a)-block h with supp h C 5(0, r) C Bk^ifi), 2^° ^ < r < 2^" and 
ko > 0, by (5.8) and Minkowski inequality, we have 

oo 

\\T'+h(x)\xr%s<Y^\\nh(x)\xr%.. 

k=0 

Let us estimate ||T'jfc/i(x)|x|"^||Ls. We see that 

For Jl^ by (34) in ([59], p394), we have 

= /, ^ \T,h{x)\^\xr^dx 



< C2^'""^^||Tfc/i|| 



Noticing that — — A + ^ < (since p';^ < s), we have 

oo 

J2{j^y/' < C2'=°"''i|/i||i. 

k=0 

for /co = 1, 2, ■ ■ -. 

For J^, let X e {x : |a;| > 2'=o+i},y e supp^(-/2'^) = {y : 2*^-^ < \y\ < 2^=+^} and 
x-y e Bko^{x-y:\x-y\< 2^=°}, then 2^=0+^ < \x\ < \y\ + \x-y\< 2^^ + 2^+^ and 
/co < A; + 1. Thus, noticing that Tkh{x) = 2-[("+^/2+^l*^ / e2'^^l2'l/i(x - y)'il^{y /2^)dy, we 
have J| = when k-\-l Kko, while when A; + 1 > /cq, 



= [ \Tkh(x)\'\x\''^'dx 



'|a;|>2'=o+i 

< C(2 X 2*^+^)"^* / \Tkh(x)\'dx 

J|a:|>2*=0+1 

<^ C2^'"*^2~^^^"'"'''^^^"'"'^^'''*~'~^'" II /?.|| * 

since (34) in ([59], p394). Noticing that n6-^-A+f = -n£<0and-^-A+^< 
0, we have 

oo 

^{J^y/' = ^^2?'' ^ C2'=o("^-("+^)/2-^+"/^)||/i||l. < C2'=»"^||/i||l. 

fc=0 A;+l>feo 

for ko > 0. Thus, 

oo 

\\T'^h{x)\xrXs < (4)^/1 

A;=0 

oo oo 
_ ^^^jfc'^l/s _|_ ^^^jfc-^l/s ^ QQkonb2kon{l/ s—l/p-a/np) 



k=0 k=0 
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And by the boundedness of T°+, see [59], wc have 

Then, noticing a/b > 0, 1 — a/b > and 6 — a + i — ^ — ^ = 0, we have 

^(T^^h^ <^ (J2,^on{l/s—l/p—a/np)a/b2^kon{b+l/s—l/p—a/np){l—a/b) 
^2^kon{b—a+l/s—l/p—a/np) ^ 

where fco > 0. Thus, (5.7) holds, and it follows that (5.2) holds for all (p, s, Q;)-blocks 
h of restrict 1-type. 

For (p, s, Q;)-blocks, by (5.6) and Theorem 4.4, we see that for T in (5.6), the same 
conclusions hold as those stated in Proposition 5.1. Then, by Proposition 5.3, we have 

Proposition 5.4 Let A, s,p and a under the conditions of Theorem 5.1. Then (5.2) 
holds for all (p, s, Q;)-blocks h. 

Step 3. 

We prove (5.3). From (5.3) the conclusion required can be proved easily. 
Proposition 5.5 Let A, s,p, a under the conditions of Theorem 5.1, T as in (5.6). 
Then 

T is of type {B L^f^^ , B L^f^^) . 
Proof We need to prove (5.3). For / G BLjft^a and any < e < there 
exists a decomposition of /: / = Y.j f^jO-j such that {J2j Ia^jI^)^^^ ^ II/IIblI^'i^ where 
all ttj are (p, s, Q;)-blocks. Once (5.3) is proved, then, by Proposition 5.4, we have 

< ^ i/^.r"] < ^ii/iibl- + s < c\\f\u^.^. 

Next, let us prove (5.3). It is clear that wc need only to prove (5.3) for since 
the cases for T^'^^^^'>'^ and T^'^^^'^^^, j = 0, 1, 2, ■ ■ ■ , A'o, are similar. As (5.8), we can 
write 

T^'-^T.Tt (5.9) 

A;=0 

with T^'^fix) = 2-[("+i)/2+^+V2]fe /e2'^^l2'l/(a; - y)'il^{y /2^)dy. 

Let us first consider . Fix k and x E R". Let / = f^jO'j where each aj is a 
(p, s, Q;)-block with supp % C Bj and ||aj||L^ < \Bj\~p~"p'^^, and {Y.'jLi If^jl^Y^^ < oo- 

When ttj is a (p, s, Q;)-block of restrict Il-type, by Holder inequality, we have 

J \aj{x-y)my/2'^)\dy<mL^\\ajUi < < 
since \BA < 1 and 1 - ^ - ^ > 0. 

I J I — p np 
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When ttj is a (p, s, Q;)-block of restrict I-type, by Holder inequality, we have 



since LB,- > 1 and i - i - ^ < 0. 

Let F{y) = J2'jLi IfJ'jlWji^ ~ y)l|V'(l//2'^)| for x G R"", by Minkowski inequality and 
the two inequalities above, we have 



oo 



3=1 j=l 

LetF^(y) = EiLiAije2^'li'laj(a;-y)^(y/2'=) forx G R". It is clear that |Fjv(i/)| < \F{y)\. 
Then the Lebesgue dominated convergence theorem gives that J limjy^^ F]\f{y)dy — 
limjv-).oo/ F]sr{y)dy, and it follows that 

1-1- °° i-U 

Ttf{x) = j:f^jTtaj{x). (5.10) 

We see also that 

\Tta{x)\ < 2-[^+^+^l^(||V^||^. + 2"^M^,) (5.11) 

for all {p, s, Q;)-blocks with l<s<oo,0<p<s and — 1) < a < n{p — l). Noticing 
(5.10) and (5.9), we have 

cxDoo-^ oooo-^ OO OO ^ oo 

k=Oj=0 j=Ok=0 j=0 k=0 j=0 

the second " above holds since 

oo oo J oo oo 

EEl/^.ll^r«.l < (II^IU» + II^IIl^')EE2-''*'^'^^-^^1/^.I 

j=0 k=0 j=0 k=0 

oo oo 

< (II^IU- + II^IIl^')(E 2-[^+^+^^]'=)(E |/x,f )^/-" < oo, 

k=0 j=l 

these inequalities hold because of (5.11) and (n + l)/2 + A + 1/2 — n/s' > (n + l)/2 + 
\ — n/s' > which follows from s < px. Thus, we have proved that T is of type 
(i3Lj'^.|c, BL^^^^o,). Thus, we finish the proof of Proposition 5.5. 
The proof of Theorem 5.1 has been finished. 

Proof of CoroUsiry 5.1 Let n(^ — 1) <Q;<n(^ — 1), then there exists s such 
that p'^^ < s < Px and - 1) < - 1) < a < - 1). Then, by Theorem 5.2, 
we have that is of type (fiXf fa, L[^|c). By Theorem 2.5, we know -BLf^p C -BLf^J„ 
for p, s.px and a. So, B^ is of type (ELj'^p, L^^^c)- 

Proof of Theorem 5.2 Since 



l\i\<R 
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and let g{x) = f{x/R), we have 

B^ix)^! g{r^){l-\r^\')' 

J\r)\<l ^ ' 



-2-KiRx 



Let / e and / 7^ 0, then there exists a decomposition of f{x): f{x) — 

EZil^M^) withsuppoi C Bi, \\ai\\Ls < \Bi\--^-^+-^ and (E°li l^fV^^ < '^WfWl^ps ■ 
Then g{x) = Y^'^i fJ'iai{x / R) — Ylili /J'thix) with supp bi = supp ai{- / R) C RBi and 

n-\-cx. 1 a il n+g 

II^iIIl^ < R p \RBi\ p pn^3^ and this shows that each R p 6j is a (p, s, aj-block. So 
we have 



and 



\n\\P < 



i=l 



^00 \ 1/p 

■s — > /, , n+ct \ p \ n+c 



P 

\x\o 



By Theorems 5.1 and 2.1, we see that 

B^is of type (BLjf„,L|;|„) 
for p'^ < s < px,Q < p < s, — 1) < a < — 1) and a < 0. Using these, we have 



/ \B^J{x)y\x\''dx = / / g{7])(l-\r]\^)^ e^'^'^-'^dT] 



p 



\x\°'dx 



< 



C 



Thus, we finish the proof of Theorem 5.3. 

In particular, taking A = in Theorem 5.1, wc have 

Corollary 5.2 Let 0<s<oo,0<p<s and n( j — 1) < a < n{p — 1). Then 

B^ is of type (SLf^J„, SLf^J„). 
When p > 1, taking a = in Theorem 5.2, we have 

Corollary 5.3 (i) Let 2{n+i) < ^ ^^P'x < s < px,l < p < s and ^ < ^- Then 

B^is of type (SLfJo,^^). 
When p > 1 and taking a = in Theorem 5.3, we have 

Corollary 5.4 Let < i? < 00. For B^, the same conclusions hold as those stated 
in Corollary 5.3. 

Remark 5.2 Since the conditions p'x < s and — 1) < a in theorems above 
imply that - — - — — <0< \ — - — those theorems above maybe fail when s = p\. 

•' s p np — p^ p np' ■J 
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Proof of Theorem 5.3 and Theorem 5.4 It is easy to see that Theorem 5.3 
follows from the following two propositions, and Theorem 5.4 follows from Theorems 
5.3 and 2.1. 

Proposition 5.6 Let l<s<oo,0<p<s and — n(l — p/s) < a < n{p — 1). We 
have 

n-l 

\\B*' h\Ur <C (5.12) 

\x\ 

for every (p, s, a)— block h, where the constant C is independent of h. 

Proof Let < < oo and < A < oo. We know that -B^/(x) = (/ * K^){x) 
where 



J\i\<R ^ ^ 



\i\<R 

= K'\Rx\-^-^Jn^x{MRA)- (5-13) 
Here Jri+x is the Bessel function, and it has the asymptotic properties as follows: 



Jm{t) = \ - cos{t -) + 0(r2), asi^^oo, (5.14) 

V TT 2 4 

-^-^^^ = 2"^r(m + l) + ^ ^ °' ^^-^^^ 

where m > — |, see [59]. From (5.13) and (5.15), we see that the radial function K^{x) 
is right-continues at = for fixed < i? < oo. From (5.13) and (5.14), we see that 

K^(x) = R'OdRxl-'^-^) as i ^ oo. 

Such two facts imply that 

\K^{x)\ <CR'\l + \Rx\)-'^-^, 0<|x|<oo, (5.16) 

where C is independent of \Rx\. (5.16) shows that 

n-l 

\Kji^ {x)\ < C\x\y, < |a;| < 00,0 < < oo, 

and therefore 

\B^f{x)\<cl }^^dy. 

JYV^ \X — y|" 

As before (i.e. as (5.5)), it is easy to check that -B* ^ satisfies (1.14). And it is known 

n-l 

that B^, ^ is bounded on with 1 < s < oo, see [66]. Then, by Theorem 4.1, (5.12) 
follows. 

Proposition 5.7 Let 0<A<oo,0<i?<oo,l<s<pA,0<p<s and 
— n(l — p/s) < a < n{p — 1). We have 

oo 

B'^f{x)^J2^,JB'^aJ{x), (5.17) 

3=0 
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and 

oo 

B^f{x)<J2\l^j\Bta,{x) (5.18) 

j=0 

ioT f — ^jO.j G -S-^fx|*«' where each aj is a (p, s, a)— block and J2 \ < oo. 

Proof Fix < i? < oo and x e R". Let / = Sjli A*j% where each aj is a 
(p, s, Q;)-block with supp aj C Bj and ||aj||Ls < \Bj\~p~"p'^^, and (Z^^i ll^jl^Y^^ < oo. 

When Qj is a (p, s, Q;)-block of restrict II- type, by (5.16) and Holder inequality, we 
have 

J \aj{x - y)\\K^{y)\dy < CR"\\aj\\Li < Ci?"|5^f "^"^ < CR"" (5.19) 

since \BA <l,l-i-^>Oand^ + A>0. 

When Qj is a (p, s, Q;)-block of restrict I-type, by Holder inequality, we have 

I \aj{x-y)\\K^{y)\dy<\\K^\\L.'\\aj\\L^ < < II^aIIl^' (5-20) 

since IBA > 1 and ^ — - — — < 0. By (5.16), we see that 

I J I s p np — V / ' 



B'" (l.r 



R" (1 + \Rx\)('^+^>' 



roo 

Jo (i + r)(^+^)-' 

< Ci?"(^'-^) r(l + r)'^-i-(^+^)^'dr 

< CR""^''-^^ (5.21) 

as n - (^ + \)s' < 0, i.e. s < px- 

Let F{y) = Y,%.i — y)\\K^{y)\ for x e R", by Minkowski inequality and 

(5.19) ~ (5.21), we have 

oo oo 

Ili^lUi < C(i?" + R<''-^^) J2 < C(^" + i?"^''"'^)(l] If^jfy^^ < oo- 

Let FN{y) = Y.f=il^jaj{x - y)K^{y) for x e R". It is clear that |Fjv(y)| < \F{y)\. 
Then the Lebesguc dominated convergence theorem gives (5.17). 
And it follows that 

oo 

\By{x)\<Y.\l^,\Bta,{x) 

3=0 

for < < OO. Thus we have (5.18). 

Proof of Theorem 5.5 and Theorem 5.6 When A > we know that 

\B^f{x)\ < CMf{x) for all / e 1,]^^ and an absolutely constant C (see, for exam- 
ple, [57]). Then Theorems 5.5 and 5.6 follow from Theorem 4.4. 
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Proof of Theorem 5.7 Let / = J2jLil^j(ij where each aj is a (p, s, Q;)-block 
and {Y.'jLi l/^iP)^'^^ < oo- Then, for any £ > 0, there exists an A^^ > such that 
(E°liv,+i |/^,f )'/^" < e. By (5.17), we have 



/ — /111. 

oo oo 
= II NBRttj - IUf,|a 

oo oo 

< Jl\^3\\\BRaj - a^W^ + l/^jlll^R%IUf + Y l/^illl%IU[,„ 

= I + 11 + III. 

By Theorem 5.2 we have ||i?^aj||j;^p < llajHsiP." < C, and by Theorem 2.1 we have 
ll«ilUf,|. < ll%llBLf,[. Then, 

ii+iii<c y: \f^j\<c\ Y 1/^.n ^^-22) 

j=Ne+l \j=Ne + l J 

C < OO for j = 1, 2, • • • , A^£, there exists a baU such that 



where C is an absolutely constant. For /, since ||i?^aj||£,p < C < oo and llojllL*' < 



[ \BUj{x)\P\x\''dx < N~PeP and / \aj{x)\P\x\''dx < N-Ps^ (5.23) 

for all J = 1, 2, • • • , Ne- It is known that \\B^aj — aj\\L'> — >■ as it! — > oo, j = 1, 2, • • • , N^, 
then for the " ^p'e , there exists an Rq such that 11-8^0^ — ajWi^ < 

N-^\B^\~''p''~-~^^e for aU R > Rq and j = 1,2,---,A^£. Then, by Holder inequal- 
ity, 

aj(x) - aj(x)\'dxj i^j^ \x\'^'/^'-PUxj 

< C\B,\^-^-^\\B^aj - ajWls < CN-^e^ (5.24) 

since as/{s — p) + n < 0, where C is an absolutely constant. Thus, (5.23) and (5.24) 
give that j\B^aj{x) - aj{x)\P\x\'^dx < CN-PsP, and it follows that 

I <Ce (5.25) 

for aU R> Rq. Then, by (5.22) and (5.25), we have that \\By - ^ < for aU 
R > Rq. Thus, we finish the proof of Theorem 5.7. 



6. Spherical means 

We prove the following 
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Theorem 6.1Let n > 3, < p < 2 and n{^p - 1) < a < n{^p - 1). Then (1.10) 
holds. 

Prom Theorems 2.1 and 6.1, we have 

Theorem 6.2 Let n > 3, < p < 2, - 1) < a < n{^p - 1) and a < 0. Then 
(1.11) holds. 

In particularly, wc have 

Corollary 6.1 Let n > 3, < p < and n(|p - 1) < a < n{^p - 1). Then 

M is of type (5Lf;f„, Lj^,.). 
Theorem 6.3 Under the hypothesis of Theorem 6.2, we have 

K/-/IU;,„^o, t^o 

for / e 

As B^f, we can also get that Atf converges to /, /^Q-a.e., as t tends to by Theorem 
6.1 for / e BL^^c, with p and a under the conditions of Theorem 6.1, but this does 
not imply new information since BL\\a C and > 

We will use the following known facts in the proof of Theorem 6.1. Let A4(/) be 
the the spherical maximal function defined in section 1, we have then 

oo 

Mif)<j:M,if), (6.1) 

j=0 

where 

Mj{f)<C{n)2m{f), J = 0,1,2,..., (6.2) 

and 

||-M,(/)IU^ < C(n)2(i-"/2)^||/|U., J = 0, 1, 2, ... , (6.3) 

for all function / in = L^(R"). Here M[f) is Hardy- Littlewood maximal function. 

See [26]. 

Proof of Theorem 6.1 By Theorem 3.1, it suffices to show that 

\\Mh\\^^^,. < C (6.4) 

for any (p, 2, a)— block /i, where constant C is independent of h. 

In fact, let / G BLjf^^, then for any e > 0, there exists / = Y^Xihi where each hi is 
a (p, 2, a)— block such that 

(EiA.r)'"'<li/iu.- 

By Minkowski inequality, \Atf{x)\ < T,\WA{\hi\){x) < T,\k\M{\hi\){x), and it fol- 
lows that 

Mf{x)\<^\X,\Mm){x). 
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Then, once (6.4) is estabhshed, by the subadditivity of the norm, we have 



Since e is arbitrary, we have HA^/H^^p.a < C^j n^^: 



In order to obtain (6.4), Let us estimate Aijh,j = 0, 1, 2, ■ • •. 
We check that A4jh is a (p, 2, a, e)-molecular for every (p, 2, a)— block h centered 
at any point and estimate ^{A4jh). 
By a < n{^^p — 1), we have that 

n — I n f 1 a \ ^ 

+ — > 0. (6.5) 

n — 2 n — 2 \p npj 

By (6.5) and noticing that 1 — 1/p — a/np > 0, we can choose e such that 

0<£<mm<^-,l , ^ - + — U- (6.6) 

[2 p np n — 2 n — 2 \p np J ] 

Set a = 1 — 1/p — a/np — e and h = 1/2 — e. Wc sec that a > 0, 6 > from (6.6), 
b — a — —(1/2 — 1/p — a/np) > from n{p/2 — 1) < a, and 

na - 2b ^ n - 1 - n{l/p + a/np) - {n - 2)e > (6.7) 

from (6.6). 

Given a (p, 2, a)— block h with supp h C B{xo,r) C B{xo,2^'>), and 



|l2 < |5(a;o,r)|'/'-'/^-"/"^ < C«,p|5(xo, 2'=°)|i/2-^/^'-"/"^', 
where 2'^°"^ < r < 2'^°, then we have 

||A^./i(a;)|a;-a;or''||i2 = / \MMx)\^\x - xo\^''''dx 



< 



\Mjh{x)\^\x - xo\'^"^dx 



|x-a;o|<2'=o+i J|a;-a;o|>2'=oH 

= Jl + J2. (6.8) 
For Jl, by (6.3), we have 

Jl = / \Mjh{x)\'^\x - xo\^''''dx 

J\x-xo\<2''0+'^ 

< C2'^''°''^\\Mjh\\l2 

< C2^(^~'*/^)^2^'=°"''||/i||i2 

^ ^2^2{l—n/2)j22konb22kon{l/2—l/p—a/np) 

For J2, by (6.2), and noticing that Hardy-Littlewood maximal function M satisfies 
;i.l4), and that 6 - 1 + 1/2 = -e < 0, we have 



J2 = / \Mih(x)\'^\x - xo^x 
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< C2^^ [ \Mh(x)\^\x - xo\^''''dx 

J\x-xo\>2ko+i 

I'^'^'-'Ux 

J\x-xo\>2''o+^ 

< C22^22'=°"(^-i+i/2)||/i||2^|B(,To,2^")| 

^2^2j2^2konbt22kQn{l/2—l/p—a/np) 



Thus, 



\\Mjh{x)\x - xoT^'ILa < C'2^2^°"''2^°"(V^-Vf-"/"^'). 

And by (6.3), 

\\Mjh{x)\\L2 < C2(^-"/2b||/^(x)||^2 < C'2(l-"/2)J2*'''"(V2-l/p-a/np)_ 

Then, noticing a/b > and 1 — a/b > 0, we have 

^i{Mjh) < (72(^~t)-'^t2^'^^~f^2''°"^^/^~-^/^~"/"^)"/''2''°"^''+^/^~^/^~"/"^)(^~"/'') 
= (72~-''''^^2'=°''(^~"+^/^~^/^~°/''^) = C2~^'''^. 

Thus, by Theorem 3.1, we have 



By (6.1), it follows that 



oo OO 

-2b 



noticing (6.7) and b > 0. 

Thus, we finish the proof of Theorem 6.1. 

In order to prove Theorem 6.3, let us state a uniform boundedness principle related 
to BLFy^^a- which is similar to that related to L^. 

Lemma 6.1 (Uniform boundedness principle) Let 1 < s < oo,0 <p < s and 
—n < a < n{p — 1). Let "D be a dense subspace of -Bi^j'^j^a and suppose that Tr is a 
sequence of linear operators such that 

\\TRf-f\y ^Q,R^^, (6.9) 

\x\ 

for f E T>. Then in order for Tr/ — > / in L^^|„ norm as — > oo for all / e SL^^^„, it 
is a necessary and sufficient condition that we have the estimate 

\\Tnfh^^^^<C\\f\Uj.^ (6.10) 

for all sufficiently large R, where the constants C are independent of R. 

Proof By density, for / G BL^^^^a and any e > 0, there exists a g & V such that 
11/ ~ qWbl''-'' ^ ^- Noticing (6.9) and (6.10), we have 

\\TRf-f\\l. < ||r^/ - T^^lli. +\\9-f\\l. 

< C\\f - g\\l^,,. <CeP 
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for / G BLf^.. 

On the other hands, for / e BLf^L, set e — H/Hblp ^^- As R larger enough, we have 

WTnfWl. <\\Tnf-f\\l. + < CH/f™ . 

Thus, wc finish the proof of Lemma 6.1. 

Proof of Theorem 6.3 It is easy to see that L'^f]BLj^^a is dense in BLj^^^a- For 
/ e L'^ ClBL^^^c, we know that Atf converges to / pointwise (see [59]), noticing that 
\Atf{x)\ < Mf{x) for all < t < oo and \\Mf\U^ < C||/||bl- < by Theorem 

\x\ \x\ 

6.2, then the Lebesgue dominated convergence theorem gives that 

\x\ 

for all f G f]BL^f^a. Then Theorem 6.3 follows from Lemma 6.1 and Theorem 6.2. 



7. Some sublinear operators 

In this section, we prove that a lot of sublinear operators in harmonic analysis are of 
some new estimate at or beyond endpoint, some of them, such as Hilbert transform, 
Riesz transforms and the regular singular integral operators, and the corresponding 
truncated operators and maximal operators are of {BL^^^^a, BL^^^^a) and (SLj^^ja, Lj^^ja) 
estimates, while others, such as Calderon-Zygmund operator, the strongly singular 
integral operator and some oscillatory singular integrals operators, admit respectively 
an extension which is bounded on BL^^^^a- 

Theorem 7.1 Let l<s<oo,0<p<s and — n(l —p/s) < a < n{p— 1). Suppose 
a sublinear operator T satisfies the size condition 

\Tf{x)\<c[ T^^^dy, x^supp/, (7.1) 
Jr" \x — y\"- 

for any integral function with compact support. Then, if T is bounded on L^, we have 

\\Th\U^.^ < C (7.2) 

for every (p, s, a)— block where C is independent of h. 

Proof As (5.5), it is easy to check that the condition (7.1) implies the conditions 
(1.14) and (1.16). Then, Theorem 7.1 follows from Theorem 4.1. 

Theorem 7.2 Let l<s<oo,0<p<s and — n(l — p/s) < a < n{p — 1). Let 
K e Ljg^ which satisfies 

\K{x)\ < Cl/|xp, Xy^O, (7.3) 

Ke = Kx{\x\>e} with e > 0. Define Tf{x) = K * f{x),T'f{x) = K, * f{x) and 
T*f{x) = sup^ \T^f{x)\. Then, if is bounded on L^ we have 

T' is of type (5Lf^f„, ELf^f.), 
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and if T* is bounded on L^, we have 

T*, and T are of type (SLfJ„, SLf^J^). 

Proof Let us first consider T^. We pick a smooth radial function (/? with support 
inside the ball B{0, 2) which is equal to 1 on the closed unit ball B{0, 1). Let ipki^) — 
ip{2~''x) — (p{2~''~^^x) supposed in the annuh 2''~^ < \x\ < 2*^+^ k = 1, 2, • • • . Then, we 
can write T^f as 

oo 

T'f = T.nf, (7.4) 

fe=0 

where T^f{x) = {K,if) * f{x) and T^f{x) = {KM * f{x), A; = 1, 2, ■ ■ ■ . 

Fix X G R". Let / = Z^^i lJ>jaj where each Uj is a (p, s, Q;)-block with supp aj C Bj, 

and lla^lli. < \Bj\~p-^+-^, and {J^JLi ll^jl^Y^^ < oo. 

It is clear that we can let < £ < 2. As Proposition 5.5, we have 

oo 

TU{^) = E l^jTkajix), /c = 1, 2, ■ ■ ■ , (7.5) 

and 

\naix)\ < 2-"^/^(||^|U. + m,,), A; = 1, 2, ■ ■ ■ , (7.6) 

for all (p, s, Q;)-blocks with 1 < s < oo,0 < p < s and n(^ — 1) < a < n(p — 1). 
Similarly, 

oo 

ro7(^) = EA^.^o«.(^) (7-7) 

3=1 

and 

|To^a(x)|<£-"(||vp|U^ + ||v^||^.0 (7.8) 
for all (p, s, a)-blocks. From (7.6) and (7.8) we see that 

oo oo oo oo 

EE < r^di^ik- + ii^iil^') + ii^ik- + ii^iil^')EE2-"'/>.i 

j=l k=0 j=l k=0 

oo 

< c,(Ei/^.n^/^"<oo. 

Then, from (7.4), (7.5) and (7.7), we have 

oo oo oo oo oo 

= E E Hn^^3 = E E nn^j = E f^^T'a,. (7.9) 

k=0 j=l j=l k=0 j=l 

Prom this and Theorem 7.1, it is easy to get that is of type {BL^^'^, BLJ;.'^) if 
is bounded on L*. 

Prom (7.9), we see that 

oo oo 

1^7(^)1 < E MT'aj{x)\ < \f^,\T*aj{x) 
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for < £ < oo, and it follows that 



T*f{x)<Y.\fi,\T*a,{x). 

By Theorem 7.1, T* is of type (SLf^J,, BLj;^'^) if T* is bounded on L^ and T and 
follow. Thus, we finish the proof of Theorem 7.2. 
By Theorems 7.2 and 2.1, we have 

Theorem 7.3 Let l<s<oo,0<p<s, — n(l — p/s) < a < n{p — 1) and a < 0. 
Let K, K^, T, and T* as in Theorem 7.2. Then, if is bounded on L*, we have 

r is of type (ELj'^f.^Lj;,.), 

and if T* is bounded on L*, we have 

T*,T^ and T are of type (-BLj^'j^a, Lj'^ja). 

The conditions of Theorem 7.2 or Theorem 7.1 are satisfied by many operators 
arising in harmonic analysis, for example, 

A. Hilbert transform and the corresponding truncated operators and maximal op- 
erator: 

Hf{x)^\imHJ{x),HJ-{x)= [ -^dt, a.nd H* f{x) = sup\HJ{x)\. 

£^0 J\x-t\>6 X — t £>0 

It is well known that H, and H* are of type {W, W) for 1 < p < oo. Then we 
see that H, and H* satisfy the conditions of Theorem 7.2. 

It is known that H, and H* are of weak-type (L^, L^), and Hf is of types {H^, LP) 
and {HP, Rp) for 1/2 < p < 1. 

At the same time, Hf,Hi;f and H*f are of type {L^,L^) for 1 < p < oo and 
w e Ap and weak-type {Ll,Li) for w e Ai . Hf is of types {Hp,I^) and {Hp,Hp) 
for 1/2 < p < 1 and w e Ai( see [36]). 

B. Riesz transform and the corresponding truncated operators and maximal oper- 
ator: 

Rjfix) = limmfix), R]f{x) ^cj Y^J{x - y)dy and R]f{x) = sup \Rjf{x)\, 

£-^0 ■' J\y\>z |?/r+ £>0 

J — i, • • • , n, witn c„ — ^(„+i)/2 • 

It is well-known that Rj,Rj and i?* are of type {L^,L^) for 1 < s < oo. Then 
i?^ and R* satisfy the conditions of Theorem 7.2. 

It is also known that Rj, Rj and R* are of weak- type (L^, L^), and Rjf is of type 
{H', H') for < s < 1 (see [65, 23]). 

Rjf and R*f are of type (I^, L^) for 1 < p < oo and w e Ap and weak-type 
(Ll, Ll) for e Ai. i?,-/ is of types (Z/^, L?,) and (Z/^, //£) for n/(n + 1) < p < 1 
and w & Ai{ see [36]). 
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C. The regular singular integral operators and the corresponding truncated opera- 
tors and maximal operators defined in [25]: 

Tnsfix) = K * f{x),TI,sf{x) = * f{x) and T*j,sf{x) = sup \T^f{x)\ 

e 

where the kernel K satisfies (7.3) and a regular condition 

\K{x -y)- K{x)\ < \y\/\x\^+\ \x\ > 2\y\ > 0, 

and = Kx{\x\>e} with e > 0. 

It is known that Tjis,Tf^g and T^g are of type {L^^L^) for 1 < s < oo (see [25]). 
Then T^s, Tf^s and T^g satisfy the conditions of Theorem 7.2. 

It is also known that Trs^T^^s and T^g are of weak-type (L^,L^), and Trs is of 
type {HP, LP) for n/{n + 1) < p < 1. 

And Tjis, Tf^g and T^g are of type (L^, LJJ,) for 1 < p < oo and w E Ap and weak- 
type (L^, L^) for w e Ai. Trs is of type {Hp, L^^) for n/{n+ 1) < p < 1 and w E Ai 
(see [25]). 

D. The R.Fefferman type singular integral operator and the corresponding trun- 
cated operators and maximal operators: 



TJ{x)=limTJ{x),T:f{x) 



f{x-y)dy andT*f{x) = sup \T^f{x)\, 



£>0 



where h e L°°([0, oo)), and Q is a homogeneous function of degree 0, Q e L°°{S'^~^), 
and Jsn-i fl{u)da{u) = 0, £ > 0. 

Ts,T^ and T* are of type {L'',U) for 1 < s < oo (see, for example, [20]). Then 
Ts,Tg and T* satisfy the conditions of Theorem 7.2. 

It is also known that these operators are of type (L^, L^) for 1 < s < oo and 
w eAs (see [20]). 

E. The Fourier integrals operator and the Carleson operator: 

SnHx) = I hO^^'^'^^di and Cf{x) - sup \SNf{x)\. 



It is known that 



S^f = -(Modjv//Mod_iv/ - Mod-NHModNf), 

where H is Hilbert transform and Modjv/(a;) = e^'^'^^^ f{x). Then the estimate of Cf 
can be concluded from the estimate of 



Cf{x) = sup 



R>0 



p.v. 



RX — y 



-f{y)dy 



It is easy to see that Cf{x) can be controlled by the maximal Carleson operator 

^-iR{x-y) 



C*f(x) — sup sup 

R>0 £>0 



\x-y\>s\ X-y 



-f{y)dy 
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It is known that Sn,C,C and C* are bounded on L^, see [32, 27], and therefore they 
satisfy the conditions of Theorem 7.2. 

It is also known that Sn/ is of weak-type (-L^(R), L^(R)) and type {Hp{R), L^iR)) 
for < p < 1, but fails to be of type {L^(R),L\R)) [34], and Cf fails to be of 
weak-type {L^(R),L\R)) [34] and weak-type {H\R),L\R)) (see [79]). 

SnI, Cf and C*f are also of type {L^{R), Lp^{R)) for 1 < p < oo and w e Ap, see 
[33, 26]. 

As we see, for the truncated operators and maximal operators above, though the 
weak-type (L^, L^) estimates are true, but the {H^, H^) and (if^, L^) estimates fail (or 
is not known) for < p < 1. Though the {H^, H^) and [H^, Lp) estimates hold for 
Hilbert transform for p e (1/2, 1] and for the regular singular integral operators for 
p e {n/{n -I- 1), < 1], but for p in the the remain ranges of (0, 1] these estimates fail 
(or are not known). In fact, for these operators, no strong estimates are found for p in 
the the remain ranges of (0,1]. Here, replacing the [H^^H^) and [H'^,!/) estimates, 
we establish (_BLj'^j*„, i?L|'^^„) and {BL^^^a-iL^x\'^) estimates for these operators for p in 
the the remain ranges. 

From Theorems 7.2 and 7.3, we have 

Corollary 7.1 Let s,p and a as in Theorem 7.2, then H, H^, H* , Rj, Rj, R*,Tjis, 
Tl,s, Ts, Tl T;, Sn, C, C and C* are of type (ELjf^, 5Lf^f„). 

Let s,p and a as in Theorem 7.3, then E, H^, H*, Rj, R^, R*, Trs, T^s, T„ T^, 
T:, Sn, C, C and C* are of type (SLf;[., Lf^,.). 

For Sn we also have a convergence result as follows, whose proof is similar to that 
of Theorem 6.4. 

Theorem 7.4 Let 1 < s < oo, < p < s, - 1) < a < n{p - 1) and a < 0. Then 

ll^iv/-/IUf,. ^o,it:^oo 

\x\ 

for all/eSLfJ„. 

The following operators satisfy (7.1), so, for them the same conclusions hold as 
those stated in Theorem 7.1. From these, we can extend these operators to some 
bounded operators on _BL|'^*„. 

F. Calderon-Zygmund operator and the corresponding truncated operators and 
maximal operators defined in [43]. 

Let K{x, y) be a locally integrable function defined off the diagonal x — y m. 
R^ X R", which satisfies the standard estimate: 



and, for some 5 > 0, 

\K{x,y) 
whenever 2\x — z\ < \x — y 



- K{z,y)\ + \K{y,x) - K{y,z)\<c- 



\x — z\ 
X - yY'+^' 
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A linear operator Tc '■ — ?> L\j^. is a Calderon-Zygmund operator if 

it extends to a bounded operator on L^, 

and there is a kernel K satisfying the standard estimate such that 

Tcf{x)= [ K{x,y)f{y)dy 

for any / e and x not in supp(/). The corresponding truncated operators and 
maximal operators are respectively defined as 

T^^fix) = I K{x,y)f{y)dy and T^f{x) = sup \T^f{x)\ . 

J\x-y\>e £>0 

Tcf,Tl;f and T^f are of type [LP, LP) for 1 < p < cxo (see, for example, [43]), and 
clearly they satisfy (7.1). So, theses operators satify the conditions of Theorem 7.1. 

G. The strongly singular integral operator 

where < 6 < 1 and </? is a smooth radial cut-off function with (/7=lon{|^|>l} and 
(/7 = 0on{|^|<l/2}. The convolution form of can be written as 

Tbf{x)^p.v. / nrXEi\x -y\)f{y)dy, 

./R" \x — y\^ 

where b' = b/{l — b) and xe is the characteristic function of the unit interval E — 
(0, 1) c R. 

Tb is of type {LP, LP) for 1 < p < oo (see [30, 77]), then, satisfies the conditions 
of Theorem 7.1. 

H. The oscillatory singular integrals operators 

Tofix) = p.v. / e^*(^'^)i^(a;, y)ip{x, y)f{y)dy, 

JR" 

where K{x,y) is a Calderon-Zygmund kernel, (p e C^(R"' x R"), A e R, and $(x, y) 
is real- valued. 

To is of type (L^, L^), 1 < p < oo, for the real bilinear form $(a;, y) = {Bx, y),(p = 1 
(see [47]), for the polynomial $(x, y) = P{x,y),Lp = 1 (see [48]), and for the real 
analytic function ^{x,y) (see [46]). Then, in these cases, Tg satisfies the conditions of 
Theorem 7.1. 

Prom Theorem 7.1 we have 

Corollary 7.2 Let s,p and a as in Theorem 7.1. Then (7.2) holds for Tc, T^, T^, T^ 
and To stated as above. 

Let FBVy^^a be the set of all finite linear combination of (p, s, Q;)-blocks. Let / be 
an element of FBL^^^^ and pick a representation oi f — Y^jLi ^jO-j such that 

/TV 
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Using Corollary 7.2, Theorem 3.1 and the sublinearity of the quantity || ■ Wbl''''' > it 
follows that, for these operators T in Corollary 7.2, 

if s,p and a under the conditions of Theorem 7.1, where C is independent of /. 

Since FB^^^^c, is dense in -BLj'^^a and -BLj'^^a is complete forO<s<oo,0<p<s 
and — n(l — p/s) < a < (Theorem 2.6), then we can extend these operators T to 
some bounded operators on BL^^f^a, so we have 

Theorem 7.5 Let l<s<oo,0<p<s, — n(l — p/s) < a < n{p — 1) and a < 0. 
Then the operators T^-, T^, T^, and initially defined for f & with compact 
support admit respectively an extension which is bounded on BL^^'^^„. 



8. Remarks 

(1) When p > 1, the spaces BLj^^^^ can not be replaced by BLj^^^c. defined below for 
certain problems, such as the convergence of Bochner-Riesz means and the spherical 
means. In other words, the quasinorm of a function f{x) 



bV'^ — inf > |Ai 



oo 

E 

-oo 



in Definition 2.2 can not be replaced by 



CO 

p 



l/p 



Let < s < oo, < p < oo and — oo < a < oo. Denote 

oo 

^^x\'^ = {/ : / = E "^kdk, 

fe=— oo 

oo 

where each is a (p, s, Q;)-block on R", ^ |Afc|^ < +oo}. 

fe=— oo 

Here the "convergence" means a.e. convergence. 
And denote 

-{f--Mfe Lf^|4, 

where Mf is Hardy-littlewood maximal function. Then we have 
Theorem 8.1 Let 0<s<oo,0<p<oo and < a < oo. Then 

-BLj'^la C BL^^^^„. 
Proof. Let / e SL[^|„. For keZ, let 

oo 

Ek^{x : Mf{x) > 2*^} = U Qj, the Whitney decomposition of E^. 
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Clearly, we have 



Thus 



Here 



[j R", U \ Ek+, = R^ and E^+i C E^. 

k=—oo j,k 



where HaiQ]) = /q*? |a;|"(ia;. Then we have 

= CfE2'=Ve«(U e R" : M/(x) > 2^}) 



Next, let us show that each is a (p, s, Q;)-block. In fact, noticing that 2^^ < Mf(x) < 
2*^+1 on gj \ Ek+i, it follows that \f{x)\ < Mf{x) < 2^+^ Then we have 



\(^j\\L' 



< c2-Va(g?)"'/^2^ig?r^' 

since jJiaiQ^) > ig^l"^'^'''^ when a > 0. Thus, we finish the proof of Theorem 8.1. 

By the boundedness of Hardy-Littlewood maximal function Mf on L|'^|c, we know 
that, when 1 < p < oo and —n < a < n{p — 1), 

DTP _ TV 

This and Theorem 8.1 give that 

CoroUeiry 8.1 Let 0<s<oo,l<p<oo and < o; < n{p — 1). We have 

TP f- nrP'S 

In particular. 

It is known that Bochner-Riesz means for A < and p < p'^ and the spherical 
maximal operator for p < and n > 2 fail to be of type (L^, L^), see [59]. And 
it follows that 
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Corollary 8.2 Let < s < oo. Then for A < ^ and p < p'^, and M for 
1< P < and n > 2 fail to be of type (5Lf^Jo, LP). 

(2) For Fourier integrals operator Sn and Carleson operator C, the second conclu- 
sion of Corollary 7.1 is sharp in the sense that 

Theorem 8.2 A) If s = l,p = 1 and a = 0, then there exists / e SL[^|„(R) such 
that SnJ fails to be of type (i?Lj'^*j,(R), Lj'^|Q(R)). 

B) If s = 1, < p < 1 and — 1 < a < p — 1, then there exists / e BL^^^^a^R-) such 
that Cf fails to be of type (5Lj'^f„(R), Lj^i^R)). 

Proof A) is clear since BL^^^o = [34]. Let us prove B). When s = 1,0 < p < 1 
and —1 <Q;<p — l,by Theorem 2.3B), we see that C BL^'^^^a- Then Kolmogorov's 
example shows that there exists / e BLF^^^a such that 

limsup S'iv/(a:;) = oo, a.e.. 

N^oo 

It follows that 

limsup 5'jv/(a;) = oo, //q,— a.e.. 
Then Cf{x) — oo, a.e.. This is a contradiction of ||C/||iP ^(r) < C'||/||^^p,s^(j^). 

1-^ I |x| '-'^ 
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